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Abstract

The paper shows the influence of the fixed angle of non-circular gears (NCGs) on the gear ratio function
characteristics of the compound non-circular gear (CNCG) train. The research established a mathematical
model describing the centrodes of a typical CNCG train. The fixed angle  of non-circular gears on the
intermediate shaft is changed to evaluate its effect on the gear ratio of the CNCG train. The results show that
changing the fixed angle of non-circular gears on the intermediate shaft changes the transfer function law of
the system and can increase the speed variation range on the output shaft. With the parameters of the
designed CNCG train, changing the angle 8 can increase the amplitude of the gear ratio function to 30.19%.
A CNCG train with a speed variation range from 1.37 to 5.11 has been experimentally designed and
manufactured with an improved cycloid profile considering the tooth number distribution and satisfying the
condition of avoiding undercutting. On that basis, an experimental system to determine the gear ratio of the
CNCG train based on the meshing between the gear pairs in the CNCG train has been designed and
manufactured. The experimental results showed that the maximum error of the gear ratio function is about
7.63% compared with theoretical ones. In this study, we have not considered the influence of force and torque
on the experimental gear ratio. We can apply the results of this research to transmission systems to obtain a
speed variation.

Keywords: Compound non-circular gear train, gear ratio function, improved cycloid profile, rack cutter,

undercutting.

1. Introduction

Non-circular gear (NCG) trains have the
advantage of creating speed and torque converters with
a simple mechanical structure, which is increasingly
attracting the attention of researchers worldwide.
Therefore, more and more scientists are applying non-
circular gear transmissions into practice, such as
Dawei Liu et al. which have used NCG in the design
of robot actuators working in the pipeline with the
effect of changing the harmonic inertia force and
improving the travel efficiency [1]; Wang et al. have
studied the application of planetary gearbox in
automatic rice transplanters [2]. In addition, there are
designs in Zhao's automatic transplanters [3]; Thai et
al. have applied the pair of elliptical gears in the design
of the Roots type pump [4, 5]; Prikhodko [6] designed
a planetary gear mechanism for the conveyor drive to
meet the requirements set forth from practice, etc.

It can be seen that, for the problems of
synthesizing NCG transmitters according to the
desired transfer function object from practical
requirements, most studies on centrodes or complex
NCG trains lead to difficulties in synthesizing tooth
profiles or the arrangement of pairs of NCG gears. The
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study of Thai et al. [7] has evaluated the influence of
centrode design parameters on gear ratio function
characteristics. However, there has been no research
mentioning that changing the fixed angle of NCGs on
the intermediate shaft, while this angle can change the
gear ratio function. On the other hand, most of the
previous studies used the involutes curve of a circle
[8, 9], cycloid [10] or the Novikov-type arc [11] as the
tooth profile, or more recently, the involutes curve of
ellipse [12].

The disadvantage of the above curves when
synthesizing the tooth profile is that the tooth size is
often small due to the violation of the condition of
undercutting, so it is challenging to perform the
problems requiring the large tooth's load capacity.
Therefore, the improved cycloid curve [13] is used as
the tooth profile to overcome the above disadvantages.
In designing the NCGs trains, most studies usually
synthesize the centrodes according to a given gear ratio
function [14] without paying attention to the gear fixed
angle on the intermediate shaft. As a result, centrodes
are often complicated curves and do not arrange teeth
where the centrode has a small radius of curvature.
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From the problems identified above, in this study,
we will evaluate the influence of the fixed angle of the
NCGs on the intermediate shaft on the gear ratio
function characteristic. The tooth profile of the NCGs
trains studied is an improved cycloid [13]. We were
solving the problem of tooth number distribution when
synthesizing an improved cycloid profile. A
compound non-circular gear train is often designed
and experimentally fabricated with an improved
cycloid profile shaped by a rack cutter to verify the
proposed synthesis method. In addition, an
experimental system to measure the gear ratio function
has been fabricated.

2. Mathematical Model of the Centrodes of the
Compound Non-Circular Gear Train

The schematic diagram of the CNCG train is
described in Fig. 1.
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Fig. 1. Schematic diagram of the CNCG train.
wherein:

- Gear 1 is an oval gear whose centrode equation 2 is
given by [12]:

2a,b,
(a 1 +b1 ) - (a] - bl ) COS(2¢1 )

pi() = M

with: a1, by are the semi-major and semi-minor axis of
2} and the @ € [0 + 27[] (rad),

respectively;

polar angle

- Gear 3 is an eccentric cylindrical gear whose centrode
equation 23 is described by [7]:

Ps (¢3) = (@)

with: Ry, e; are the radius of the circle and the
eccentricity and the pole angle ¢, e[O+27z],

2 2 :.2
R; —e;sin” ¢ +e;cosd,

respectively.

According to the schematic diagram Fig. 1, gear
pairs 1-2 and 3-4 are two pairs of external gears. We
have a mathematical equation describing the centrode
2, of the NCG 2 and the centrode 24 of the NCG 4 as
follows:
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PP (4 )=
o 2a,b,
5 " (al +b1)_(a1 _bl)cos(2¢l)
2 ¢2(¢1) =
2}
J-( Zalbl Jd¢l
o\ 92 ((al +b, ) —(a, _bl)cos(2¢1))_2a1b1
3)
p4(¢4(¢3)) =
a, —(,/(R32 —elsin’ ¢,) +e, cos¢3)
24 : ¢4(¢3) =
T- (R —esin® ¢,) +e, cos @, i4
0 (134—<w/(R32—e32 sin’ ¢,) +e, cos¢3) :
(4)
The shaft distance of the NCG pairs is determined
by:
b b)) —4ab(1-n’
a12(a1ab1;n1):(al+ 1)+\/((a1+ 1) “ 1( ! ))
2
a34(n3’e3>R3) :R3(1+n3)(1_%]

(6))

here: n; is the number of revolutions for NCG 1 to
make one revolution of NCG 2 and #n3 is the number of
revolutions for NCG 3 to make one revolution of NCG
4,

3. Effect of the Fixed Angle of the Non-Circular
Gears on the Intermediate Shaft on the Gear Ratio
Function Characteristics of the Compound Non-
Circular Gear Train

3.1. Gear Ratio Function of Compound Non-circular
Gear Train

We have the gear ratio function of the CNCG
train given by:

()

e, o)

_o_p(4(8))
o, p(8)
A (@)

o_. :( j[pu¢m@»]
a, 1 P> (¢2 (¢1 ) Ps (¢3)

Substituting (1), (2), (3), and (4) into (6), after the
transformation, we have:

(6)
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Since NCG 2 and NCG 3 are fixed on the same
axis 2, from (7) we have a relationship between the
angular velocity of axes 2 and 3 relative to axis 1:
2a,b,
W, =
a, ((al +b,)—(a, —b)cos(24, )) —2a,b,

o, (8a)

2a,b,
w, = X
* [alz ((a, +b)—(a, —b)cos(24)) - 2alle

(R} — ¢} sin’ ¢,) +e, cos @,
a)l
a, —(,/(R32 —elsin’ @) +e, cos¢3)

3.2. Effect of the Fixed Angle of the Non-circular
Gears on the Intermediate Shaft on the Gear Ratio
Function Characteristics

(8b)

X

When changing the fixed angle of the NCG on
the input or output shaft, the gear ratio of the CNCG
train is changed only in phase angle, but not in value.
On the other hand, when changing the fixed angle of
the NCG on the intermediate shaft the characteristic of
the gear ratio of the CNCG train will be changed in
both phase angle and value. To clarify this, with the
controdes design parameters of the NCGs of the
CNCG train given in Table 1, we evaluate the
influence of the fixed angle f of NCG 3 on the
intermediate shaft 2 as described in Fig. 2 to the gear
ratio characteristic of the CNCG train.

Table 1. The centrodes design parameters of the CNCG train.

Parameter Notation Unit

Gear pair 1-2 Gear pair 3-4

Oval gear 1 Oval gear 2 NCG 3 NCG 4
The semi-major axis of 2 a mm 50.0 - -- --
The semi-minor axis of 2 b mm 30.0 - -- --
Circumference coefficient n - 1 3
The radius of 23 R mm - - 25.0 --
The eccentricity of 23 e mm - - 5.0 --
Center distance ai, a4 mm 80.0 99.0

Due to the symmetrical nature of NCG 3, we
survey the gear ratio in the value domain

B =[0+180°] with the increment AS =30 and the
survey cases described in Table 2.
From the database in Table 1 and Table 2, after

solving by numerical calculation on Matlab, Fig. 3 is
the survey graph of gear ratio 714 of the CNCG train.

Table 2. Fixed angle NCG 3 on axis 2 relative to
standard “0”.
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Fig. 2. Position of controdes in the CNCG train
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From Fig. 3, it can be seen that when the fixed
angle S changes, the gear ratio of the CNCG train will
be changed in both geometric shape and amplitude.
Moreover, for a more accurate assessment, we call
0i,, () the amplitude variation of the gear ratio.
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Fig. 3. Gear ratio i14 of the CNCG train according to
the fixed angle NCG 3 on axis 2.

Then, we have iy, (B) = iy ($) ~l4min (4)
where i, (¢4) and i, . (4) are the maximum and

14 max
minimum gear ratios, respectively, and they are
determined from the graph in Fig. 3. After calculation,
Fig. 4 describes the amplitude Ji,,(f) of the gear ratio

i14 according to the fixed angle S.
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Fig. 4. The amplitude &i,(f) of the CNCG train
according to the fixed angle f.

F=60 /=90 f=120 £=150 f£=1800)

With centrode design parameters in Table 1, from
Fig. 4, we can see that if the fixed angle S increases
from 0 to 90° the amplitude of the gear ratio dii4
increases, and when the fixed angle f increases from
90" to 180°, the amplitude of the gear ratio decreases,
with o =4.864 and Ji =3.736.

14 max|$=90° 4min|B=0°
Thereby, it is clear that changing the angle g will lead
to an increase in the amplitude of the gear ratio
function up to 30.19%.

4. Shaping the Tooth Profile of Non-circular Gears
by Rack Cutter with an Improved Cycloid Profile

4.1. Mathematical Model of the Rack Cutter

NCGs were shaped by rack cutter with improved
cycloid profile as described in Fig. 5 [13], while the
mathematical model of the tooth profile /s of the rack
cutter is given by following:

Pk 8,(fg) —a, sin(y)
Lo = Vig | = (=1)%s55(¢5) — ag cos(yy) )
0 0
wherein:

g = 0 when [Is is the addendum profile and
g = 1 when [5 is the dedendum profile of the rack
cutter.

and:

8$,(Ps) = 5,(Ps) + 15 (P ) sin(y s — @)
Ss(¢s) = I"S(¢S)COS(1//S _¢5)7

b5 2
5(6) = IJ&(%)H(‘”C;%,?)J d,

T
Vs :¢s+ﬂs _5’

L re(dy) 1-¢’
=tan'| 051 |, = S S—
Hs [a’rs/d¢sj R Py

Ja; —b;

& =—~———— The parameters as, bs, ps are the semi-
a
N

major, semi-minor, and polar angles of the ellipse

generating 2s. The machining parameters of the rack
cutter are given in Table 3.
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Fig. 5. Rack cutter tooth profile with an improved
cycloid curve.

Table 3. Machining parameters of the rack cutter.

Parameter Notation Equation

L (A
2!;\/’”3((153) +{‘Ms] dg,

Module me

Tooth

thickness 27 d 2

3
on the . Se Se = _[ rs(¢s)2 + s(0s) d g
datum line s

A
Width of

2z 2
space on _ ) drs(d)
the datum We W, = J. re(ds) + ( dgs
line A 0
Tooth pitch

27 2
on the dr (¢ )
datum line Pe pP.= ZI 75 (s )2 +[ S\¥s dg,
A 0
Tooth
addendum
Tooth
dedendum

Whole
depth

4.2. Mathematical Model of the Profile of the NCGs
Generated by the Rack Cutter

The shaping method was developed in the study
[15]. The process of shaping the tooth profile is
described in Fig. 6.
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Fig. 6. Illustrating shaping the tooth profile of NCG by
the rack cutter.
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The mathematical model of the tooth profile
shaped by the rack cutter with an improved cycloid
profile is given by:

.o Xkp (4, () — Xk (ds))siny () +
Sy || (@) + e, (@))sing (¢) -

10
HA(B)+ 7y, () cosy, (4,) )
(A (d) —x¢ (@) cosy (4z)
wherein:
A 2
()= | \/pR(¢R)2+["”;;¢R) j dd:
j’2(¢R):Al(¢k)+p}e(¢R)Sin(l//R_¢R);
A(d) = pr(dp)cos(y, —4z) A4, =ﬂi/' —4,(¢)
o o Pr(B) :
and: y, =¢, +u % M =tan (dpk(¢R)/d¢RJ is

the tangent angle at the tangent point / of 2z to A.

In (10) the geometric relationship between ¢s and
or is defined by:

[ ) =
, , (11)
= V' (@), () + X () (A (B) ~ %, (45)) =0
ca _ axKS (g) _ ayKS (¢5)
with: x; (¢) = “oh Vi, (95) = “oh

4.3. Undercutting

In the process of shaping the tooth profile to
avoid the undercut, the tooth profile equation of the
rack cutter must satisfy following conditions [13]:

dx () v
= 9s A %0
L) O () de,
o, od, dt | 12
dyKS (4) v
_| % R
L) () dé,
B o, dt |

wherein Vg, Vs, are the components of the relative
sliding velocity on the tooth profile of the rack and
NCG at the shaping point.

4.4. The Tooth Number Distribution

Let p; is the tooth pitch of NCG is shaped by rack
cutter. Due to the non-slip rolling condition of the
average line A and 2 in the shaping process, we have:

(13)

Py =Pc =8 +TW =S8 +tWe :ZCZS
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where s1, w; are the tooth thickness and the width

of space on i, respectively; with s1 = wi, and
27 2
dry (¢y) .
Cy, = | ,|rs(4s ) +[L dd is the
| N s
circumference of Xs.
The module m; is:
2C.
ml=mc=&=p—c=i (14)
T V4
On the other hand, we have:
C
P = ey (15)
2

where zj, CZI are the number of teeth and the centrode
circumference of NCG 1, respectively.
From (14) and (15), after transforming we have:

CE
= (16)
2G;,

Z

Let p2, z2 and Cy  are the tooth pitch, a number

of teeth and the circumference of NCG 2, respectively.
Non-slip rolling condition of 2 and 2> implies pi = p,
then we have:

CZZ = nlcz, =Zypy, =z py (17)
After simplifying, the number of teeth z; of NCG
2 is determined by:

(18)

Formula (18) determines the number of teeth of
NCG 2 according to the number of teeth of NCG 1
where n; is the number of revolutions of NCG1 for
NCG 2 to complete one revolution. Therefore, ni, zi,
and z, must be positive integer.

Z, =nz

5. Designing the Compound Non-circular Gear
Train

From the design data of the centrode of the NCGs
in the CNCG train given in Table 1 and the design
parameters of the rack in Table 3, with calculating by
software written in Matlab, Table 4 is the design data
of the rack cutter and Table 5 is the design data of pairs
of NCGs. Fig. 7 is the test result of the undercut
condition.

Fig. 7 found that the shaped NCGs did not occur
undercutting.

After shaping the tooth profile with the data in
Table 4 and Table 5, we have the design of pairs of
NCGs in the CNCG train as described in Fig. 8 with

fixed angular position NCG 3 on the axis taken £ =0°

To verify that the meshing process between the
gear pairs takes place exactly as the theoretical gear
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ratio function, we design a speed converter box to Table 4. Design parameters of the rack cutter.
serve the measurement of the gear ratio function as
d ibed in Fig. 9 Parameter Notation Rack Rack
escribed In rig. 7. cutter 1 cutter 2
. — -
ok 10 . ‘ The semi-major axis as 1.0 18
ittt T of Xs (mm)
3.50------ [ﬂ Scale 8.10%1 & Jg Scale 4001 | The semi-minor axis
' \ it bs 0.7 1.4
apl i of Xy (mm)
N ' 01 : Module (mm) m 3.4 6.2
dasp- R e Tooth thickness 5 54 98
ool L L ; ] - (mm)
' T Y i Width of space Wwe 5.4 9.8
1.5p-mmme beneeeed ] - (mm)
; | 1 Tooth pitch (mm) Pe 10.8 19.6
1.0+ : -
i i Tooth addendum ha 20 35
o il | | (Tmmzld dend
] th dedendum
all il 00 hy 2.0 3.5
050 100 150 200 250 300 (mm)
ps (rad) Whole depth (mm) h 4.0 7.0

4
=

a2 = 80 mm

Fig. 8. The design of CNCG.

343 mm

i
a5 \” ML
0 5(] 1(;0 150 200 250 BE;O (b)
o5 (rad)
(c) Fig. 9. Speed transform box with (a) Vertical view, (b)
Fig. 7. Avoidance undercutting occurs with (a) Oval Flat view, and (c) 3D Perspective.

gear, (b) NCG 3 and (¢) NCG 4.

Output shaft

(©

Table 5. Design parameters of NCGs.

) Gears pair 1-2 Gears pair 3-4
Parameter Notation
Oval gear 1 Oval gear 1 NCG 3 NCG 4
Module (mm) m 34 34 6.2 6.2
Circumference coefficient n 1.0 -- 3.0 --
Number of teeth z 24 24 8 24
Tooth pitch (mm) p 10.8 10.8 19.6 19.6
Tooth thickness (mm) K 5.4 5.4 9.8 9.8
Width of space (mm) w 5.4 5.4 9.8 9.8
Whole depth (mm) h 4.0 4.0 7.0 7.0
Tooth addendum (mm) ha 2.0 2.0 3.5 3.5
Tooth dedendum (mm) hr 2.0 2.0 3.5 3.5
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6. Experimental Results and Discussion

To determine the gear ratio based on the meshing
process between the gear pairs in the CNCG train, with
the designed speed transform box, we designed and
fabricated an experimental system as described in
Fig. 10.

The experimental system consists of a speed
transform box with pairs of NCGs arranged as shown
in Fig. 9, the input shaft is attached to a Hybrid Servo
Motor (86HSES8.5N) through a planetary gear reducer
with a gear ratio of 8:1. The rotation speed on the gear
shafts is determined independently by the encoders
(E6B2-CWZ6C-360 P/R) with a resolution of
360 pulses. The measured data from the encoder is
collected by the counter of the PLC (S7-1200,
CPU 1214C). An industrial computer (BOXER-6640-
A1-1010) as a processing center is used to process data
through software written by the authors on TIA Portal
V15.1 software. The CNCG train is lubricated by
Gadus S2 V220-2 shell grease.

Non-circular
gear reducer

Hybrid Servo Motor
B86HSEB.5N

Planetary

Fig. 10. Experimental system for measuring the
transmission ratio function based on the meshing
process.

The settings for the data acquisition system is
following: sampling period is 0.1 s, the speed set for
the Servo motor is 240 rpm, corresponding to the speed
of the reducer head attached to the input shaft which is
30 rpm. Fig. 11 shows the results of measuring the gear
ratio of pairs of NCGs and the gear ratio of the whole
CNCG train with the blue line (rhombus-shaped
markers line) being the experimental measurement
results and the red line being the gear ratio determined
from the centrodes by simulated Matlab.

From the results in Fig. 11, we find that the
geometrical shape, the value, and the empirical gear
ratio law are approximately the same as the gear ratio
function law determined from the centrodes. The
largest relative error between theory and experiment
occurs at positions 1, 2, and 3, respectively: 2.68%,
6.18%, and 7.63%. Thus, the error on the shaft 3 is the
largest, which is caused by the assembly error, in

58

addition to the influence of the inertia force and the
resisting moment acting on the output shaft. Since the
NCG 4 is mounted on the output shaft and meshes with
the NCG 3 is an eccentric cylindrical gear mounted on
shaft 2 and shaft 2 is a passive shaft so there is a sudden
change in speed. While, in this study, we have not
considered the influence of force and torque on the
experimental gear ratio.

5.5

w
n

Gear ratio
w
(=]

doL__N

iz

18 ¢ (rad)

Fig. 11. Graph comparing gear ratio between theory
and experiment.

7. Conclusion

From the above theoretical and experimental
research results, this study has achieved some main
results as follows: (1) Changing the fixed angle of
NCGs on the intermediate shaft also changes the gear
ratio function, while other studies have to synthesize
complex centrodes, and (2) The calculated and
experimental results have verified the correctness of
the method of synthesizing the CNCG train with the
improved cycloid profile.

In addition, these designs can be applied to
design NCG transmission according to the
characteristics of machines and equipment in practice.
However, the limitations of this study are that it does
not include issues such as dynamics, power, and
performance, and these issues will be part of our future
research goals to complete the study.
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