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Abstract 

The paper describes an investigation of the dynamic behaviors of the fluid flow through tandem circular 
cylinders with a middle flat plate. A low Reynold number of 100, which originated from appropriate applications, 
is considered. The Lattice Boltzmann Method is used and implemented in the Direct Numerical Simulation. 
The numerical model was well-validated by comparing results from the literature for either a single circular 
cylinder or two tandem cylinders without flat plates. Consequently, the dynamic behavior of the fluid flow 
through tandem circular cylinders with a middle flat plate is first revealed in this study. The numerical results 
show that these behaviors are affected significantly by the presence of the middle flat plate. Moreover, the 
pattern of vortex formation is also affected considerably when this flat plate is mounted between two cylinders, 
and this pattern changes at the threshold value of plate size. Hydrodynamic coefficients and the Strouhal 
number generally decrease with the increase in flat plate size. These results are very useful in reducing the 
losses caused by vortex formation and increasing the fatigue durability in potential applications, such as ocean 
engineering and civil engineering. 

Keywords: Circular cylinder, direct numerical simulation, Lattice Boltzmann Method, Low-Reynold flow, vortex 
formation. 

 

1. Introduction1 

In recent decades, research on the dynamic 
behavior of the flow through an array of tandem 
cylinders has attracted many researchers because of 
their various applications, such as heat exchanger 
tubes, bundled transmission lines, buildings, offshore 
risers, and even electronic chips on the mainboard. The 
related investigations are useful for better 
understanding and knowledge about fluid flow through 
such a system. Various arrangements of circular 
cylinders have been considered; however, the tandem 
configuration is more commonly used in the literature. 
In this configuration, it was found that the vortex 
originating from the upstream cylinder generally 
affects the downstream cylinder. Indeed, Zdravkovich 
et al. [1], Igarashi et al. [2,3], and Sumner et al. [4] 
comprehensively studied the fluid flow past the two 
identical cylinders. Zdravkovich [1], Igarashi et al.   
[2,3] reported the three following regimes of vortex 
formation, which was the function of the spacing 
between the cylinders (L/D): (i) the extended-body 
regime (0.5 < L/D < 10), (ii) the reattachment regime 
(1.0 < L/D < 3.5), and the co-shedding regime          
(L/D > 3.5), where D denotes a cylinder diameter. 

The vortex shedding behind the downstream 
cylinder causes a vibration in the entire cylinder array 
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or even structural damage. Arranging a flat plate 
behind a cylinder is reported to be a promising 
candidate to remove or at least reduce this vibration. 
Roshko et al. [5] investigated the periodic vortex 
formation suppression using a flat plate with a circular 
cylinder. It was found from this study that the critical 
gap spacing between the circular cylinder and 
detached flat plate is approximately 2.7 (Lp/D ≈ 2.7). 
Additionally, the value of Strouhal number,  
St = fD/U∞, where f is the vortex shedding frequency 
from the cylinder, decreased with the presence of the 
flat plate. Apelt et al. [6] experimentally investigated 
the effect of a flat plate on the behavior of the fluid 
flow through a single cylinder at Re = 104 ~ 5×104 and 
concluded that Lp (the length of the flat plate) is equal 
to D, the drag, and St was significantly decreased and 
reached the minimum value. Furthermore, Apelt and 
West [7] continuously experimentally studied the 
vortex formation of the flow through a cylinder and a 
flat plate. This author found that the vortex shedding 
disappeared, and the drag became constant when l/D  
(l is the gap from the upstreaming cylinder to the flat 
plate) was greater than 5. This demonstrated the effects 
of the flat plate on the vortex formation. Although 
some previous studies considered the effects of the flat 
plate on the vortex formation of the flow through a 
single cylinder, no research examines the dynamic 
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behaviors of the fluid flow through two tandem 
cylinders with the middle flat plate.  

The objective of this study is to consider the flow 
through two tandem circular cylinders with a middle 
flat plate using the lattice Boltzmann Method in the 
Direct Numerical Simulation. The flat plate with its 
length as the function of the cylinder diameter at  
Re = 100, and L/D ranges from 3 to 10. Notably, the 
low Reynold number (Re) of 100 is to eliminate the 
effects of the turbulence flow [8]. 

2. Numerical Methodology 

2.1. Lattice Boltzmann Method for Incompressible 
Flows 

The fluid flow can be modeled by solving the 
governing equations. In the present study, the 
macroscopic behavior of the incompressible flow is 
governed by the continuity and Navier-Stokes 
equations. They are expressed in the following 
equation. 

( ) 2

0,
1 ,

u
u u u p u
t Re

∇⋅ =
∂

+ ⋅∇ = −∇ + ∇
∂

 (1) 

where u, p, and t are the local velocity vector, pressure, 
and time, respectively. Re stands for the Reynolds 
number of Re = U∞D/ν with the reference velocity U∞, 
the characteristic length D, and the kinematic viscosity 
ν of fluid. Equation (1) are solved using the lattice 
Boltzmann Method (LBM) on a uniform Cartesian 
grid. 

Let us consider the discretization of the             
two-dimensional D2Q9 lattice model with nine 
velocities. A distributional population fi is involved in 
computing the velocity field. Unit space lattice (∆x) is 
used to model the location of the population in the 
LBM method. Particles distribute on a fixed Cartesian 
square lattice along the links i = 0, ..., 8 with lattice 
velocity  ci = (cxi, cyi). Values of those are defined in 
the following equation [9]. 

(0,0) 0
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where /c x t= ∆ ∆  represents the lattice speed, x∆  is 
the lattice length, and t∆  is the constant time step. The 
most important variable in the LBM is the particle 
distribution function (PDF) ( )i ,f x t , which indicates 
the chance of meeting a particle with a velocity ic  at 
the spatial point and time t . The state of the fluid is 
updated by computing the particle distribution 
function using the discrete Boltzmann equation shown 
below. 

The macroscopic variables (the fluid density ρ 
and fluid velocity u) in LBM are obtained from 
populations using its moments, as shown in the 
following equation. 

,i i ii i
f c fρ ρ= =∑ ∑u  (3) 

The Bhatnagar-Gross-Krook collision model 
[17] with a single relaxation time is used. The 
framework of the numerical procedure is divided into 
two key parts. Firstly, a local process called the 
collision process is governed by following equation. 

* eq
i i i i

1 ( ),f f f f
τ

= − −  (4) 

where the superscript “*” indicates the post-collision 
state and is the equilibrium state of populations given 
by following equation. 

( )2eq
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9 31 3
2 2
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where the coefficient wi  for the D2Q9 model is: 

i
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The kinematic viscosity is linked to the relaxation 
time by the following formula by the following 
equation. 

2
s 2

tcν τ ∆ = − 
 

 (6) 

where 2
sc  is the lattice sound speed. The pressure field 

may be calculated using the state equation for an ideal 
gas, 2

sp cρ=  

The relaxation time is related to the fluid 
kinematic viscosity ν, as shown in the following 
equation. 

2
s

1
2 c

ντ = +  (7) 

Next, the streaming process is implemented to 
transport post-collision populations from the particle 
at location x to neighboring particles at location ix c+  
[9]. This computation procedure is governed by the 
following equation. 

( ) *
i i i, ( , ),f x c t t t f x t+ ∆ + ∆ =  (8) 

In (8), the time step (∆t) sets as a unity in the 
lattice unit. This process is implemented on the lattice 
link between two adjacent fluid particles. It is well 
understood that the only condition one must satisfy in 
numerical simulations of incompressible flow is 
Ma<<1, where s/Ma U c∞=  is the Mach number. As a 
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result, the density is approximately constant, and the 
density fluctuation is neglected. For particles 
representing the rigid object, the streaming process is 
not performed. The interpolated bounce-back (IBB) 
method [10-11] is proposed to replace the streaming 
procedure. When a fluid particle located at xf has a 
lattice link along a  ī-direction prevented by a solid 
particle located at xs, the unknown distribution 
function along the opposite direction i is computed 
using a linear interpolation function. This interpolation 
uses the post-collision distribution function of itself 
and adjacent fluid particles located at xff in the i-
direction. This numerical procedure is formulated by 
following equation. 

( )

( )

f

* *
f ffi i

* *
f i ffi

( , )
12 ( , ) (1 2 ) ,
2

1 2 1 1( , ) ,
2 2 2

if x t t

qf x t q f x t q

qf x t f x t q
q q

+ ∆ =

 + − ≤
 − + ≥


  (9) 

where q = |xf − xi|/|xf − xs| is a spatial ratio with xi 
indicating the intersection point between the lattice 
link and boundary curve, the normalized output 
macroscopic variables in LBM are expressed by

* * */ , / , / ,x x D U t tU D∞ ∞= = =u u  

( ) ( )* 2
0 /p p p Uρ ∞= − and Re DU ν∞= , where p0, 

U0, D, and ν denote reference pressure, reference 
velocity U0, the characteristic length D, and kinematic 
viscosity ν in lattice unit. Total fluid forces acting on 
the 2D rigid body’s surface (F (Fx, Fy)) are computed 
by the momentum exchange method [12] on the 
boundary cell layer. The global hydrodynamic 
coefficients, such as lift and drag coefficients, pressure 
coefficient, Strouhal number, mean drag coefficient, 
and root-mean-square value of lift coefficient, are 
accordingly computed by following equation. 
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where N is the number of instants of a time history 
data. 

2.2. Numerical Setup and Validation 

The schematic diagram of a numerical model is 
shown in Fig. 1. The viscous incompressible fluid 
flows over two tandem circular cylinders with a middle 
flat plate. Boundary conditions (BC) used in this 
numerical model are also shown in Fig. 1. A no-slip 
condition was applied on cylinder surfaces. A constant 
velocity condition (u = U∞, v = 0) was used for the 

inlet, and the free-slip BC was applied at the upper and 
lower boundaries of the computational domain. An 
outflow BC ∂u/∂x = ∂v/∂x = 0 was adopted at the outlet 
boundary. The upstream cylinder (C1, hereafter) was 
located at the coordinate origin, and the downstream 
cylinder (C2, hereafter) was mounted at the distance L 
from C1. The middle flat plate has the length Lp and 
the thickness tp, and it was mounted at the distance l 
from the upstream cylinder, as shown in Fig. 1. 

 

 
Fig. 1.  Schematic of the numerical model and 
boundary conditions 

 

Additionally, the computational domain size 
100D × 60D was used. In this regard, the blockage 
ratio (B = D/H, where H = 60D is the width of the 
computational domain) is less than 2%, satisfying the 
sufficiently required blockage ratio threshold of 6% 
[13]. The inflow boundary is located upstream at 25D 
to the center of C1, and the outflow boundary is located 
downstream at 75D to the center of C1.  The reference 
velocity is set as U∞ = 0.1 in the lattice unit at the 
inflow and lower boundaries, corresponding to the 
non-dimensional time step of ∆t∗ = ∆tU∞/D = 0.001 to 
capture fully developed flow patterns for all cases. 
Therefore, two-dimensional simulations are performed 
for a non-dimensional time of t∗=N∙∆t∗=200. This 
nondimensional time corresponds to approximately 20 
periods of Karman vortex shedding, sufficient to reach 
the asymptotic wake state. 

A framework of topology-confined block 
refinement was used based on the block-structured 
grids reported in Duong’s study [14]. The 
computational domain was partitioned into areas of 
different grid sizes, called cube-shaped blocks. This 
spatial difference is characterized by an indicator 
called refinement level (k) ranging from 0 to k = m−1, 
where m is the number of the expected refinement 
level. k increases from the confined flow region near 
the solid bodies to far-field regions. The uniform 
Cartesian grid (called cells) is distributed in each block 
to solve the macroscopic variables in LBM. The 
detailed algorithm was referred to Ref. [14]. 

The mesh convergence was implemented by 
changing the number of cells in each block (Ncell). In 
this study, Ncell varied from 40 to 80, as shown in 
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Fig. 2. It was found from this figure that relative 
deviations of the hydrodynamic coefficients and the 
Strohal number compared to those of the finest mesh 
(Ncell = 80) are 1.78%, 2.06%, 1.44%, and 0.38% for 
C̅D; 4.16%, 4.78%, 0.72%, and 8.07% for CʹL; and 
1.18%, 0.59%, 0.59%, 0% for St, respectively. Based 
on these results, the maximum deviation is less than 
5% at Ncell = 50. Therefore, this mesh model was used 
for further computations in this study. 

 
Fig. 2. Mesh convergence tests for various 
hydrodynamic coefficients 

 

Table 1. A code validation for the flow through a single 
circular cylinder at Re = 100 

Authors C̅D CʹL St 

Williamson [15] - - 0.164 

Chen et al. [16] 1.337 0.23 0.163 

Present work 1.348 0.236 0.169 

Maximum Deviation (%) 0.82 2.61 3.68 

 

Table 2. A code validation for the flow through two 
tandem circular cylinders at L/D = 4 and Re = 100 

Authors C̅D1 C̅D2 C̅L1 C̅L2 St 

Jiang et al.  1.28 0.723 0.464 1.39 0.15 

Sharma et al.  1.28 0.71 0.44 1.39 0.148 

Mussa et al.  1.3 0.73 0.46 1.44 0.148 

Present work 1.29 0.71 0.46 1.39 0.151 

Maximum 
Deviation (%) 0.78 2.74 4.55 3.47 2.03 

 

First, the numerical model was validated for the 
important hydrodynamic coefficients (C̅D, CʹL, and St) 
of the flow through a single circular cylinder at  
Re = 100, as shown in Table 1. The numerical results 
were compared with those obtained by Williamson 
[15] and Chen et al. [16]. As a result, the maximum 
deviation is less than 4% compared to Chen’s results. 
It was also valid when compared with the St values 
obtained by Williamson [15]. 

Second, the numerical model was also validated 
for a case of two tandem circular cylinders, as shown 
in Table 2 In this regard, the important hydrodynamic 
coefficients for the upstream cylinder (C̅D1, CʹL1), the 
downstream cylinder (C̅D2, CʹL2), and the Strouhal 
number of the upstream and downstream cylinder  
(St1 and St2) were determined at L/D = 4 and Re = 100. 
The numerical results were compared with those 
obtained by  Jiang et al. [17], Sharman et al. [18], and 
Mussa et al. [19]. Consequently, the maximum 
deviation is less than 4.6%. In summary, this 
numerical model was well-validated with adaptively 
high accuracy. Thus, it can be used for further 
computations in the present study. 
3. Results and Discussions 

Fig. 3 and Fig. 4 show the flow vorticity field for 
various cylinder spacings L/D of 3, 5, 7, and 10. Two 
testing cases were considered, i.e., without the flat 
plate as shown in Fig. 3 and with the flat plate as shown 
in Fig. 4. First, for a case without a flat plate 
considered, three regimes of vortex formation, i.e., 
overshoot, reattachment, and co-shedding, were 
observed. These regimes depend significantly on the 
cylinder spacing. At a small L/D shown in Fig. 3(a), 
the fluid flow is able to move over both circular 
cylinders. This is because the small spacing between 
two cylinders limits the development or oscillation of 
the downstream wake when the flow moves through 
the upstream cylinder. Therefore, the overshoot regime 
is formed. However, the downstream wake of the 
upstream cylinder can oscillate when the spacing is 
large enough, L/D = 5 and 7, as shown in Fig. 3(b) and 
Fig. 3(c), respectively. This wake can touch the second 
cylinder; hence, the reattachment regime forms in this 
case. Moreover, the co-shedding regime forms when 
the spacing between cylinders further increases. In this 
case, vortices are created at the back of the first 
cylinder and detach periodically from either side of 
this cylinder, forming a Kármán vortex street. This 
result is in line with the results reported by 
Zdravkovich et al. [1]. Again, this result indicates the 
confidence of the numerical model used in the present 
study. 

However, the vortex regimes mentioned 
previously can be changed with the presence of the flat 
plate at the threshold values of L/D. Indeed, at L/D = 3 
and 10, the vortex regimes of overshoot and                   
co-shedding exist regardless of the presence of the flat 
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plate. The reattachment regime becomes                   
quasi-cosedding at the threshold values of L/D = 5 and 
7. Moreover, the two-layer vortices also become the 
primary ones forming in the wake flow, as shown in 
Fig. 4(b) and 4(c). Notably, the name of                    
quasi-coshedding was first referred to Duong et al. 
[14]. These results imply that changing vortex regimes 
of the flow through two tandem circular cylinders may 
result in the variation of the flow characteristics. This 
is clearly shown in the next section with the 
quantitative results.  

 
Fig. 3.  Flow vorticity field for various cylinder 
spacings without flat plate: a) L/D = 3, b) L/D = 5, c) 
L/D = 7, and d) L/D = 10 

 

 
Fig. 4.  Flow vorticity field for various cylinder 
spacings with flat plate: a) L/D = 3, b) L/D = 5,  
c) L/D = 7, and d) L/D = 10 

To quantitatively examine the flow 
characteristics, variations of hydrodynamic 
coefficients and the Strouhal number for two cases 
with and without flat plate were calculated as a 
function of L/D, as shown in Fig. 5 and Fig. 6. These 
coefficients are also compared with those of the single 
circular cylinder to validate the asymptotic results (dot 
line on the left figures). 

 

Fig. 5.  Variations of C̅D, CʹL with L/D for the upstream 
cylinder C1 (left) and the downstream cylinder C2 
(right) 

 
Fig. 6.  Variations of St with L/D for the upstream 
cylinder C1 (left) and the downstream cylinder C2 
(right) 
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It was seen that the hydrodynamic coefficients 
and the Strohal number generally decrease when the 
flat plate is mounted in the middle of two cylinders 
apart from the St at L/D=3. It means the frequency of 
the vortex formation or the oscillation influence on the 
cylinder system can be reduced using the middle flat 
plate.  

Fig. 5 and Fig. 6 also indicate the asymptotic 
results of hydrodynamic coefficients and Strouhal 
number when the cylinder spacing becomes large 
enough. The parameters tend to increase and approach 
a plateau value (a blue-dot horizontal line). At this 
point, the mutual interaction between cylinders is low, 
and the flow through the upstream cylinder becomes 
relatively stable before it moves through the 
downstream cylinder. This is valid for both cases with 
and without the flat plate. However, the asymptotic 
progress is lower when the flat plate is mounted 
between cylinders, as shown in Figs. 5(a), 5(c), and 
Fig. 6(a). This again indicates the limitation of vortex 
formation with the presence of the flat plate. This 
effect is predicted to become more significant if the 
size of the flat plate increases, as shown in the next 
paragraphs. 

To visualize the effects of the flat plate size, 
Fig. 7 shows the vorticity field for the following six 
cases: without a flat plate, Lp/D=0.1, 0.5, 1.0, 1.5, and 
2.0, corresponding to Figs.7(a) to 7(f). It was found 
that the pattern of vortex formation changes at the 
threshold value of plate size. With a small size 
(Lp/D=0.1), the vortex regime of reattachment with 
two-layered wake flow forms resembling no flat plate 
case. When Lp/D gradually increases, the effects of the 
flat plate become more significant, the reattachment 
vortex reduces, and the primary vortex appears at the 
wake flow instead of the two-layered wake. This is 
shown in Fig.7(c) and 7(d). At a larger Lp/D up to 1.5 
and even 2.0, the vortex regime changes from the 
reattachment to the quasi-coshedding and overshoot 
regime. In this regard, the flat plate is large enough that 
the oscillation of wake flow through the upstream 
circular cylinder is limited or omitted completely at the 
largest size. 

Fig. 8 shows the variations of hydrodynamic 
coefficients with Lp/D for both the upstream cylinder 
(left) and the downstream cylinder (right). The green 
dash-dot line indicates the case without the flat plate, 
and the blue dot line indicates the results of the single 
circular cylinder. Consequently, hydrodynamic 
coefficients and the Strouhal number generally 
decrease with increasing the flat plate size. This effect 
can be seen more clearly in the downstream cylinder 
with the higher slope of C̅D2, CʹL2 compared with C̅D1, 
CʹL1. Additionally, they are frequently lower than 
single circular cylinders, as shown in Fig.8 (left). It is 
also valid for the lift and drag coefficients compared to 
no flat plate. 

However, this trend changes for the Strouhal 
number, as shown in Fig. 9. The St1 decreases when 
Lp/D is less than 1.0, but it increases at higher Lp/D. 
This is also valid for the St2, but the minimum St 
obtains at Lp/D=1.5. This also accounts for the change 
of vortex regime in the previous section and provides 
good guidelines for ocean engineering. 

 
Fig. 7.  Vorticity field as a function of the flat plate size 
at L/D = 5: a) without flat plate, b) Lp/D=0.1,                             
c) Lp/D=0.5, d) Lp/D=1.0, e) Lp/D=1.5, and f) Lp/D=2.0 

 

 
Fig. 8.  Variations of C̅D, CʹL with Lp/D for upstream 
cylinder C1 (left) and downstream C2 (right) 
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Fig. 9.  Variations of St with Lp/D for upstream 
cylinder C1 (left) and downstream C2 (right) 

4. Conclusion 

The fluid flow through two tandem cylinders 
with the middle flat plate has been numerically 
investigated using the Lattice Boltzmann Method in 
the Direct Numerical Simulation. The research aimed 
at the effects of the middle flat plate was examined. 
Consequently, the results obtained can be drawn as 
follows: 

- The numerical model was well-validated 
compared to the literature results for single circular 
cylinders and two tandem cylinders without flat plates; 

- The dynamic behaviors of the fluid flow 
through two tandem cylinders with the middle flat 
plate were first examined in this study; 

- The pattern of vortex formation is affected 
significantly by the presence of the middle flat plate, 
and it changes at the threshold value of plate size; 

- Hydrodynamic coefficients and the Strouhal 
number generally decrease with the increase in flat 
plate size. 

These results help to reduce the losses caused by 
the vortex formation and increase the fatigue durability 
in potential applications, such as ocean engineering 
and civil engineering. Moreover, further studies can be 
performed to optimize the size and position of the flat 
plate along with the other important parameters, such 
as the cylinder spacing, Reynold number, etc. 
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