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Abstract

Recently, there is an increasing demand for metamaterial research both in theory and practical designs.
Metamaterial cloaks and partially filled waveguide have been considered for their potential radiation
enhancement and electromagnetic field confinement of sources. For some particular cases, the analysis can
be carried out by separation of variables with the use of special functions. This paper present a two-
dimensional problem of electromagnetic scattering from line source located outside of a metallic elliptical
cylinder coved by isorefractive (right-handed material) and anti-isorefractive dielectric (left-handed material) .
Analytical solutions of electric and magnetic fields as functions of line source position and layer thickness are

discussed in frequency domain.
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1. Introduction

In recent years, research of left-handed material
has been remarkably attention thanks to the fact that
dielectric properties of those medias having both
negative permittivity and negative permeability. Such
characteristics can be manipulated to modify the field
distribution inside dielectric medias as well as field
scattered from those bodies of evolution [1], [2]. In [3]
geometry with sources located inside the materials and
there is no presence of metallic core. The exact
radiation from electric and magnetic line sources
located outside confocal elliptical cylinders with
metallic one in the core is investigated in this paper
both in near field and far field regions.

The problem of radiation of line source located
outside of confocal elliptical cylinders is amenable to
an exact solution if linear, homogeneous and isotropic
material in each layer has a propagation constant of the
infinite medium surrounding the structure [4], [5]. A
detailed discussion of these conditions is found in [6],
[7]. The purpose of this this work is to analyze the
effects of anti-isorefractive to the surrounding space,
has on the field trapped inside the layer and on far-
fields into infinite series of Mathieu’s functions and
determining expansion coefficients by imposing
boundary conditions at interfaces and on far-field
condition. All the solutions are derived in the phasor
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domain with a time-dependence factor exp(-iwt)
omitted throughout.

Figure 1 describes the geometry of 2D scattering
problem. A metallic elliptical cylinder is coated with a
confocal layer made of either isorefractive material
(DPS) or anti-isorefractive material (DNG) The
Elliptical Cylinder coordinate can be described as
follow:

x = %cosh(u) cos(v),

d
y = Esinh(u) cos(v),

zZ =z
where 0 S u<ow,0<v<2mand —o < z < o,

AY

.S (U Vo)

=4

‘ di2 d/2 ‘

Fig. 1. Geometry of the problems
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This system can be interpreted by ¢ and n where & =
cosh(u)and n = cos(v).

When being coated by isorefractive material, the
electric permittivity is €; and the magnetic per
meability is u whereas for DNG material those are —¢;
and —u,. When the material of coating layer is DNG,
characteristic impedance Z; is always possitive but
wavenumber, refractive index are always negative
[11,[3].- The dimensionless parameter of freespace is
c =%, and —c in DNG material. To satisfy this

eccentricity, permittivity and permeabillity must

follow the condition €yu, = €;i4; and the ration

between two intrinsic impedances is indicated as:
=%

==

The inner and outer surfaces of metallic core and

coating layer are indicated as u = u,and u =u,

respectively. The position of line source is illustrated

by u, and vy where uy < u, < upand 0 < v, < %
2. Analytical solutions
2.1 The case of Electric line source

The electric field of electric line source can be
expressed as:

E=2E,=2H® kR) . (1)

Where H¢? is the Hankel function of the second kind
and R is the distance of the observation point from the
line source. The incident field can be expressed as the
function of ug and vo:

(1) (4)
: R u<) R u>) S ) S s
Ei = 4y [Ren s ref (chEe)) en (c20) Sen (60) |
(1) (c,u<) Ro( ) (c,u>) Soy, (c,v)
+- N(o) 1

()

Since the coating layer is either made of isorefractive
(DPS) dielectric or anti-isorefractive dielectric (DNG).
The Electric field inside the layer can be written as
follows:

)
* o Ren  (cuo)
B} = 4 B [M 5 (@@ RefD (e, u) +
n

+b@O®Re® (+¢,u))Se, (¢, vy)Sen(c, v) +

)
+R0nN+<DC)ruo) (@@ ®RoWP (+¢,u) + bO® x

n

x Ro&® (¢, u))S0, (¢, v5)So, (¢, v)]. (3)

The subscript 1 is designated for coating layer, the
upper sign (+) stands for the case of DPS while the
lower one (-) stands for the case of DNG. The scattered
far field can be expressed as:

(c
ES=4Y . 0[ m(c uO)Re(4)(c u)Se, (¢, vg) X

x Se,(c,v) + 1‘\;('0) Rofll) (c, uO)Rogf) (c,u) X
X Sop(c,vg)So,(c,v)] . (4)
Note that: & = coshu, and component H, can be
given by Maxwell equation in Elliptical Coordinate:
-t 9

H, = cZ\J§2—n? 0u (3)
The upper sign (-) stands for the magnetic field in DPS
layer while the lower sign is applied for DNG layer.

Such that, we can derive the asymptotic expression of
the incident magnetic field:

Lo —4J Z Ren o (c, u<)Ren o' (c,us)Sen(c, Uo)
VT g e A= ol Mo
X Sen(c’ v) Ron (Cu<)R0n 4), "(c,us)Son(c,vg)Son(c, U)]

)
(6)
Magnetic field inside the layer (u; < u < u,)

1,(+ +4] (cu)
Hy P = SR (o) (e x
n

X Re(l)'(+c, u) + b@®Re™ (£¢,u)) x

(1
x Se,(c,v9)Se,(c,v) + SO"N(# (a® x

x R0 (¢, 1) + bO®Ro™’ (4c,1))So,(c, 7o) X
X So,(c,v). (7)

The scattered magnetic field can be expressed as:

HS.m_ —4j Zoo C;E)‘m R (1)’ X
v _cZ \/EZ— 2 n=o[ (e) €n (C' uO)
(o)m

X Re(4’) (C u)Se (C vo)Se (C U) + (0) X

% Ro(l) (c, Uo)ROn )(c, v)So,(c,v9)So,(c,v)].  (8)

Far field condition can be applied g — oo

e,08(c, & ~

o ikt A I

—jcE+n
=° e ©)

where p=+x%+y2 Plisw = %E, where

& = cosh(u).

Then, the Electric Scattered Far Field can be written
as:

g_j

Esymli—mo = \/— 44Zn 0] [ (e) Ren)(c’uo) X
(o)m
x Se,(c,vy)Se,(c,cosp) + ”(o) ot )(c Ug) X
X So,(c,vg)So,(c, cosp)]. (10)

The solution for even mode is provided, and that for

.4

odd mode is obtained by replacing Re,, and their
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derivatives with Ro(l) ‘™ and their derivatives. Then

the expansion coefficients are retrieved by solving the
boundary conditions at u = u;;u = u, for electric
field and magnetic field can be written as:

)
E1; lg=g, =0

E lece, = (BS + EDees,,

,2 i
H leee, = (H3* + HE) e, -
Solving these three equations, the expansion
coefficients can be retrieved:
()& — Re™ (tcuq)a
a ST , (11)
(@)(#) — —Re® Geuna
b = , @)

@©@®=—_1 p, '
c A(i)Re (c,ug)Re” (c,uy) %

x Re®' (¢, u)A (£) F {Re@ (¢, uy) X
x Re®' (¢, ug)Re™ (¢, ug)A, (+) (13)

And then the notation A; (£); A,(Z); @ and A (%) can
be expressed as :

Ay (+) = Re® (dc,u)Re® (tc,uy) —

—ReW (+c,uy)Re™ (+c,u,) (14)
Ay(4) = Re®(+c,u)Re™’ (+c,u,) —
—Re™' (+c,u,)Re™ (+c,uy) (15)
a = Re®(c,ug)Re™’ (c,up)Re™ (¢, u,) X
x Re™®' (¢, uy) — Re®(c,uy;)Re™®’ (¢, uy) X
x Re™ (c,ug)Re™’ (c,u,) (16)

The A is retrieved as:

A(%) = Re®(c,ug)Re™’ (¢, up)[Re™’ (¢, uy) X

X A;(+) F G Re™ (¢, uy)A, ()], (17)

2.2 Magnetic line source
Incident magnetic field of a magnetic line source

can be expressed as:

Hi=2H.=2H® (kR). (18)

This incident field can be expressed as in equation [18]
electric field of electric line source. The same can be
applied to retrieve the scattered magnetic field and
approximation of magnetic field with the far field
condition. Note that, electric field E, is derived from
magnetic field by Maxwell’s equation in Elliptical
Coordinate:

g — _Z_oH

v c€-nZ du ’
Where ¢ =coshu. Such that, the asymptotic
expression of the incident electric field:

(19)

84

El = 4% s reS (cuorel? ¢, u>)Sen(evo) |
v C\/EZ——Z n=0[ (e)
Rofll) (c, u<)Ro£l4) (c,us)Son(c,vg)Son(c,v)
X Sen(c,v)* (O) ]

(20)
Electric field inside the layer (u; < u < u,)

!
Renl) (c,ug)

@ __4Z e ,
Ey = c\/ﬁZrmO[ NG (a@@® x
n

x Re(Y (1) + b@O®ReY' (+¢,u))Sep (¢, vo) X

RO(I)’(C.uo) Hp, @D
x Se, (c,v) + “NT (@O®Ro (+c,u) +

n

+b(°)'(i)R0,(l4)l(ic, w))Son(c,v9)So,(c,v)]. (21)
The scattered magnetic field can be expressed as:

4jz,
c/E-n
(o),m

!
X Re,(f‘) (c,w)Se,(c,vy)Se,(c,v) + 1’;(0)
n

sm _
E;)" =

=Y 0[ N Ren (C Up)

X

' @’
X Ro, ™ (c,ug)Ro,,” (c,u)So,(c,vy)So0,(c,v). (22)
Approximation of far is applied when & — o

. T
Re,0® (¢, &) ~ L e ict+ig

NE:

in . LT
J —jeg+iz

Where p=x24+y2ploe = %f; where ¢ =
cosh(u).
Then, the scattered magnetic far field can be
written as:

: e—Jkp T o cem )
H;mli—mo ~ \/ﬁ 614 4Zn=0}n[:’1(le) Ren (C,uo) X

™ Ro(l)(c Ug) X
N(o) n » 40
n

x Se, (c,vy)Se,(c,cosp) +

X So,(c,v9)So,(c, cosp)]. (24)
The solution for even mode is provide, and that for old

0,4

mode is obtained by replacing Re, and their

derivatives with Ro(l) ™ and their derivatives. Then

the expansion coefficients are expressed as:

¥§1Re(4)’ (£cuq)a

a@@® = ,
AG)

(25)
+ReM! (+cupa

pEOM®) =
A) ’

(26)

c@®) = _T[ e@D(c,u)Re™’ (¢, ug) x

X Re™@ (c,uy)A; (+) + (i ReD(c, uO)Re(l) (c,uy) %
X Re™ (c,up)A, ()], (27)
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a = Re®(c,ug)Re™’ (c,u,)Re™ (¢, uy) X
x Re®' (¢, uy) — Re® (¢, u)Re®' (¢, uy) X

x Re®(c,u)Re® (c,u) (28)
A1(i) = Re(l)’(ic, U1)Re(4)’(ic’ uZ) -
—Re®™’ (¢, u,)Re ™ (de,uy), (29)

Dy(£) = Re®(tc,up)Re™’ (e u,) —
—Re®' (+c,u;)Re™ (+c, u,) (30)

Parameter A is retrieved as:

A(%) = ReD(c,ug)Re®' (¢, up)[Re™ (c,uy) X
X Ay (£) & G Re™ (¢, 1) (). (31)

2yid

2y/d

2x/d

Fig.4. Comparison of behavior of |E,| when electric
line source is located at up =2, vo =m/6, u; = 1, up =
1.85, 6 = 2: (a) DPS coating and (b) DNG coating

Fig. 5. Effect of the coating layer dimension and
material properties on magnetic far field pattern of
magnetic dipole from the structure when being coated
by DPS and DNG, where { = 0.5.
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3. Numerical analysis

In figure 4, near field pattern in the area inside the
coating layer is shown when electric line source is
located at uy = 2, vo=1/6, u; = 1, u, = 1.85, all the
quantities are normalized to X, material property § =
2. It can be seen that the field trapped in DPS in much
more of that in the case of DNG and more equally
distributed in the structure. In Figure 5, all the
quantities are normalized with reference to circular
cylindrical coordinates (p,®,z) In order to validate the
proposed computational scheme, two magnetic dipoles
are placed symmetrically to —y axis, when dipole 1: u;
= 2, v; = /6 and dipole 2: u, = 2, vo = 51m/6. Such
that, scattered far field of dipole 1 (red solid line) and
dipole 2 (blue dash-dot line) are exactly symmetric to
—y axis. When changing the coating layer for the case
of Dipole 1 to DPS, scattered magnetic field Hy is
represented in marked black line, with the pattern is
shifted toward the position of dipole.

4. Conclusion

For this particular geometry, with hollow and
infinite structures, commercial simulator cannot
always provide exact solution. In order to tackle this
issue, fields in elliptical cylinder coordinate are
derived. The structure in this paper is worth
investigating because it contains sharp edges of
metallic core, hollow and infinite bodies of layers.
Analytical solutions for this geometry can be used as
reference to validate the accuracy of the other
electromagnetic solvers.

Appendix A. Mathieu’s functions and properties

Regarding computational cost and accuracy of
this boundary-value problem, all the fields are
represented in a closed from of asymptotic expression.
In this care, the infinity is restricted to twenty-five
terms of summation to achieve an error less than one
percent. This fact means that if the field is calculated
as twenty-five terms of summation, the absolute
difference is less than one percent. Radial Mathieu’s
functions of the third kind and fourth kind in even
mode can be given as:

Re{Y(c,u) = Rel”(c,w) + iRe( (c,u)

Re(P(c,u) = Rel’(c,u) — iRe( (c,u)
And also for the odd mode:

Ro{P(c,u) = Ro{"(c,u) + iRo{ (c,u)

Ro{P (c,u) = Ro{"(c,u) — iRo$ (¢, )

It is also worth pointing out that the scheme of
Mathieu’s functions by Jiangmin Jin [8] and Erricolo

242
[6] which have g = %. This research carried out in
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this context implements the dimensionless parameter ¢
kd 2 . .
=2 such that ¢ = qT. Radial functions follow the

Wronskian relation for both even mode and add mode
in the both DPS (¢) and DNG (-¢) material.

dRe,0(2) dRe,0™)
(==~ (2);=
Re,0 o Re,0 o 1 (32)
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