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Abstract

Locational marginal price (LMP) is an important element in the operation of electricity markets. LMP is used
to determine payments in the electricity markets, to derive bidding strategies of market participants, and to
make plan for new transmission lines and power plants. This paper compares the DC optimal power flow
(DCOPF) model and AC optimal power flow (ACOPF) that are used to calculate LMP in the wholesale
electricity market. The study takes into account the price-sensitive loads and active power reserves. DCOPF
model has 2 forms: DCOPF without losses and iterative DCOPF with losses. Fictitious nodal demand (FND)
is used to calculate marginal loss component of LMP. In addition, branch flow limits are also adjusted in the
iterative DCOPF model. LMPs, active power outputs and reserves of generators are illustrated on a 3 bus
system.

Keywords: Locational marginal prices (LMP), wholesale power markets, active power reserves, DCOPF,

ACOPF, fictitious nodal demand (FND).

Nomenclature AER Con.tirtl)%ency Reserve Power block b bid by Area
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AGib Pri'ce? of the energy block b offered by generating OR E)peratiozl Reserve Power block b bid by Area
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Paiv Power of the energy block b offered by generating E ) )
unit i (variable) Pp; Elastic power of demand j
}ngu Price of Up Regulation Reserve (RR) offered by PS‘ Constant power of demand
generating unit i (constant) )
2 RR- Price of Down Regulation Reserve offered by Pp; Total power of demand j
Gi generating unit i (constant) SR%  Percentage of spinning reserve in contingency
2SR Price of Spinning Reserve (SR) offered by reserve
Gi generating unit i (constant) SFi-m  Sensitivity of branch power flow ij (1) with respect
xR Price of Supplemental Reserve (XR) offered by (SF1i)  to injected power m (i)
Gi generating unit i (constant) P Active power flow on branch 1
pRR+ Up Regulation Reserve Power offered by Ri Resistance of branch 1
Gi generating i (variable) Pij (P))  Active power flow on branch ij (1)
pSR Spinning Reserve Power offered by generating i Qjj Reactive power flow on branch ij
“ (variable) Si™  Power flow limit on branch ij
pXR Supplemental Reserve Power offered by Y )
Gi generating i (variable) LMPe Marginal Energy Price
Apjk  Price of the energy block k bid by demand j LMP.  Marginal Loss Price
(constant) LMPc  Marginal Congestion Price
Ppji Power block b bid by demand j (variable) LFi Loss factor for node i
R+ Price of Up Regulation Reserve block b bid by w Shadow price of tran'smis'sion constraint on l.inel
b Area (constant) R(l) Revenue of generating i from. DCOPF without
3 CR Price of Contingency Reserve (CR) block b bid by ' losses or FND-based DCOPF with losses
b Area (constant) Rgz) Revenue of generating i from ACOPF algorithm
}»bOR PArlce of Operation Reserve (OR) block b bid by (1) LMP from DCOPF without losses or FND-based
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1. Introduction

Nowadays, the electric power systems in many
countries have been gradually transforming from the
vertically integrated model to fully deregulated
markets. The different models of the electric markets
include:  generation  competition,  wholesale
competition and retail competition. The two important
market participants are generating companies
(Gencos) and distribution companies (Discos). To
ensure the reliability of supply and the power system
stability, essential ancillary services, such as the one
for frequency regulation, must be included [6]. The
active power reserve for frequency regulation can be
divided into three categories: Regulation Reserve
(RR), Spinning Reserve (SR), and Supplemental
Reserve (XR) [9]. SR and XR are the two components
of the Contingency Reserve (CR). The operating
reserve consists of CR and the regulation reserve [9].
The System operator receives offers for energy and
reserves from Gencos and bids from Discos. The
generating schedule of generation units are determined
such that the total social welfare is maximized [1]. The
scheduled active power of Gencos, the scheduled
purchase of Discos, and the active reserve of
generating units are determined on the basis of an
optimization model. The energy and reserve markets
can be cleared sequentially, or simultaneously [5]. The
payment in the electricity market is thus determined on
the basis of two elements: the Locational Marginal
Price (LMP), and the Reserve Market Clearing Price
(RMCP). The LMP consist of three components:
marginal energy price, marginal loss price and
marginal congestion price. LMP can be calculated as a
whole, or from its components [2, 3, 4]. The
transmission costs can also be determined from the
LMP.

The optimal generation schedule, as well as the
allocated active reserve at each Genco can be solved
using an optimization problem, based on the full
ACOPF model. However, this approach might have
some convergence issues, depending on the initial
estimates of the solutions. The DCOPF model is
simple and always guarantees convergence. However,
it does not account for the active losses in the system.

This paper presents a comparative study on
different models for the calculation of LMP in a
wholesale electricty market with price-sensitive loads
and with a reserve market. The remainder of the paper
is presented as follows: section 2 presents the LMP
calculation method based on the lossless DCOPF
model, section 3 presents the iterative DCOPF model
with adjusted branch flow limits. The ACOPF model
for LMP calculation is presented in section 4. Section
5 presents the method for the calculation of LMP and
its components. The calculation examples and

comparions of different LMP models are presented in
section 6. The conclusion is given in section 7.

2. DCOPF without losses
2.1 Objective function

The objective of the co-optimization model of
energy and reserve is to maximize the total social
welfare, as shown in Eq. (1) below:
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2.2 Constraints
2.2.1 Power balance

The active power injected into bus i is subjected
to the following constraint:

N
E _pF
Pi:PGi_PDi_PDi:ZBij<5i_5j) 2
j=1
2.2.2  Active power reserve balance

The active power reserve is determined for each
area or zone. Within each area, the active power
reserve is subjected to the following constraints:
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2.2.3 The active power limit of each generation block
0< Py <5t (Vi,b) @)

2.2.4 Active power limit of the generating units

For a generating unit that takes part in all reserve
markets, its active power is subjected to constraint (8),
as follows:
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0< Py + P+ PR+ PAR < PE™ (Vi)

RR— i ®)
Py~ P > B
2.2.5 Constraints on the active power reserve
This constraint is described as follows:
RR RR
0< P < Prima ©)
RR- RR—
OSPG[ SPGimax (10)
SR SR
OSPGi SPGimax (11)
XR XR
OSPGi SPGimax (12)

2.2.6 Limits on the price-sensitive loads

In a wholesale power market, the loads are
considered to consist of two components: fixed load
and price-sensitive load. The demand curve of price-
sensitive loads can consist of several blocks, each with
a lower and an upper limit, as shown in (13)-(14).

Emi E E .
Py < Py < Py () (13)
0< Pl < PyM™ (V).k) (14)
2.2.7 Constraints on active power reserve block for

each area

The demand curve for active power reserve for
each area may consist of several blocks, each has a
lower and an upper limit, as in (15)-(18):

0< 4™ < A, (15)
0< 4" < 45t (16)
0< 47" < A (17)
0< 4 <47 (18)

2.2.8 Constraints on the spinning reserve

For each area, the SR should account for at least
SR% the CR. The reason is that the spinning reserve
can only be provided from units that are actually in
operation. Whereas, the XR may be provided, either by
online generating units, or by offline fast-start
generating units. The constraint on SR is written as
follow:

Ng

Ng
> B2 SR%Y (B +RYT)  (19)
i=1

i=l1

2.2.9 Branch flow limits

The branch flow can be expressed by a function
of bus voltage angles. Alternatively, they can be
expressed by a function of injected active power, via
the power distribution factors [2].
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B < By = 3 Sy (P = Pon ) < ™ (20)
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3. FND-based iterative DCOPF with losses and
branch limits adjusted

The DCOPF model shown in the section 2 does
not account for active power losses in the network. It
also does not account for reactive power flow in the
branch flow limits. These limitations can be overcome
using the FND model and adjusting the branch flow
limits.

3.1 Fictious Nodal Demand (FND)

The active power losses in the network can be
written as follows:

Q:Z#@ 1)
i

To account for the active power losses, [2]
introduced a concept of FND, where the active power
losses in the network is introduced by adjusting the
demand at load buses. The load demand at each bus is
written as follows:

F = Fg; = P = FND,; = Fg; - P, =GP, (22)

where C; is loss distribution factor. In the literature,
various approaches are applied to calculate Ci. One
common methodology is to use the real-time or
historical load ratios as Eq. (23).

P

C. =D

L X P
i

Consequently, the branch flow can be determined
from the injected power at all buses, using the power
distribution factors:

(23)

N
P =Y SF,_,(Ps — Py —FND;) (24)
i=1
It is relevant to note that this model is similar to
those employed by PIM [11].

3.2 Adjustment of the branch flow limits

According to [9], when taking into account the
reactive power flow, the branch flow limits are
determined by Eq. (25) — (32).

_ —b+b* —4ac

max*
B
2a

(25)
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Fig. 1. The PI model of the transmission lines
3.3 Iterative DCOPF Algorithm

With the FND introduced at load buses, the active
power demand at each bus is now subjected to the
following constraint:

N
F :PGi_PDEi_PDFi_FNDi :ZBij(é;_
j=1

5;) (33)

min*
P <P = ZS

m=1

(Pgy, — Pp,, — FND,,) < 13.]‘?1”*

ij—m
(34)

The iterative DCOPF that takes into account
active power losses consist of the following steps:

1) Temporarily, ignore the active power losses in
the network, i.e., PL =0, FND; = 0.

2) Solve the DCOPF model to obtain the
scheduled active power of the generators and the
scheduled demand of loads.

3) Determine the new estimates of Pr, FND;

4) Solve the DCOPF model with newly updated
load demand.

5) Check for the convergence criteria:

k+1)

max Pc(;f) - Pc(;i

<e (Vi) (35)

P — Py

max <e (V) (36)
If the convergence criteria is not satisfied, go to
step 3.

4. ACOPF-based LMP Algorithm

The mathematical model of the ACOPF has the
same objective as that of the model presented in
section 2. In the ACOPF model, the bus power balance
constraint and the branch flow constraint are modified.
In addition, the reactive power limits of generators and
the voltage limits constraints are added. These
constraints are presented as follows:

P =F; - Py, :|U,|i|Uj|(GU cosSij +Bij sinﬁlj)

(37)

0 =06 -9 = |U|Z|U| Gy sind; — B;; cos )
05" < Qg <O (38)
o, <|u| < U™ (39)

0<S, =B +0] <™ (40)

The ACOPF model can be solved by using
iterative linear programming method (iterative LP) [8].

5. LMP Calculation & Components

The LMP consists of the following components

[8]:
LMP, = LMP; — LF, LMP; + Y SF,_;.;  (41)
i

In the DCOPF model,
determined as follows:

the loss factors are

OP
LY aR st | D5h 8| @)
oP =

4

LF, ==L

In the ACOPF model, the loss factors are
calculated with the following expression:

oP, 0P, OP, | _
{aﬁapz"'apfv}

90,05 %On | (43)
OB, oP, oP, 0P, 0P, OB, || OR O, 0Py
{a&l AU, 06, U, 06y GUN} oU, 0U, Uy

R on, ok

6. Results obtained with 3-bus system

In this section, we analyze the results obtained
with a simple 3-bus system, using the optimization
models described above.
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Fig. 2. A three-bus system

In the power system of Fig. 2, there are 3 power
plants which all take part in the reserve market. The
offers for energy by the power plants and bids of price-
sensitive loads (which consist of 3 blocks) are shown
in Table 1.

Table 1. Energy Offers of generators

Generator 1 Generator 2

Block 1 2 3 1 2 3

Power (MW) | 200 | 130 | 170 | 150 | 100 | 150
Price(MWh) | 5 | 7 | 9 [45] 8 | 10

The FND-based iterative DCOPF model is
solved using the iterative LP method. After 4 steps, the
solution converges to an error tolerance of 0,0001

MW. The LMPs and their components are shown in
Table 2.

Table 2. LMP at bus 2

DCOPF DCOPF with| ACOPF
without losses losses
LMP ($/MWh) 8 8.322 8.299
LMPe ($/MWh) 7 7 7
LMPL ($/MWh) 0.3 0.322 0.295
LMPc ($/MWh) 0.7 1 1.004

The optimal values of generating power, reserve
power and price-sensitive loads are shown in Table 3.
The results in Table 3 show that the system has enough
active power reserve. The RMCP results are shown in
Table 4. The income of the power plants, which
consists of the energy and the reserve components are
shown in Table 5 and Fig. 3.

The differences in LMP and revenue, obtained
with DCOPF without losses and FND-based model
with losses, are determined according to (44)-(45), and
are shown in Fig. 4 and Fig. 5.

wmp!) - Lvp?)

Dy (%) = e 100 (1=1,2,3)  (44)
()_g®
RV =R\

DR(%):‘RT)'.IOO (i=G1,G,.G3)  (45)

1

Table 3. Active power generation, reserve power and
price-sensitive load demands

. DCOPF  |DCOPF with ACOPF
without losses losses
Pci (MW) 293.3 280.9 279.2
P2 (MW) 226.7 246.5 248.6
P63 (MW) 300 300 300
Pp2 (MW) 300 300 300
Pp3 (MW) 120 120 120
PERT (MW) 60 60 60
PER™ (MW) 60 60 60
PSR (MW) 0 0 0
PSR (MW) 0 0 0
PERX- (MW) 0 0 0
PoS (MW) 36 36 36
PER (MW) 0 0 0
PSS (MW) 0 0 0
PEY (MW) 54 54 54
Table 4. Reserve Market Clearing Prices (RMCPs)
DCOPF without | DCOPF with ACOPF
losses losses
RMCPRR*
($/MWh) 7 7 7
RMCPRR-
($/MWh) 7 7 7
RMCPSR
4 4 4
($/MWh)
RMCPX®
($/MWh) 4 4 4
Table 5. The revenue of power plant 2
DCOPF .
without | PCOPEWIth | s copp
losses
losses
Energy
Revenue ($/h) 1813.60 2051.37 2063.13
Reserve
Revenue ($/h) 144.00 144.00 144.00
Total Revenue
($/h) 1957.60 219537 2207.13

The obtained results show that: the solution of
FND-based DCOPF with losses is very close to that of
the full ACOPF model (the difference is less than 1%).
The DCOPF model without losses is the least accurate.

On the other hand, in terms of computational
performance, the FND-based iterative DCOPF model
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is much better than the ACOPF model. In addition, the
DCOPF model always guarantees convergence,
whereas the ACOPF model might have some
convergence issues, depending on the initial estimates
of the solutions.

=DCOPF without losses % DCOPF with losses ® ACOPF

* Nel
<
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N @ b
- >~
N Bo
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~ EE————— 28063

[T 1957.60

B RN 219537

[CCCCEREEERETERERERRRRy 2517
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Fig. 3. Total revenue of the power plants ($/h)
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Fig. 4. Difference of LMP in percentage between each
DCOPF algorithm and the ACOPF one
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Fig. 5. Difference of revenue in percentage between
each DCOPF algorithm and the ACOPF one

7. Conclusion

This paper studies the electric market model
which includes a market for active power reserve.
Different mathematical models are analyzed, including
the lossless DCOPF, DCOPF with losses and the full
ACOPF model. The results show that the optimal

solution obtained with the DCOPF with losses is
accurate, and is very close to the solution obtained with
the ACOPF model.

Based on the FND-based iterative DCOPF, the
power companies and the purchasing agencies can
calculate their revenue and profit. This models also
allows market participants to study and to derive
strategies for generation expansion planning and
transmission planning.
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