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Abstract
This paper proposes a two-layer fast terminal sliding mode controller (FTSMC) combined with a conventional
sliding mode control (SMC) to achieve both trajectory tracking and balance control for a two-wheeled balancing
mobile robot (TWBMB). First, the modeling procedure of the is examined using the Lagrangian approach, and
the trajectory tracking error is formulated in the global coordinate system. Next, for trajectory tracking, the linear
and angular velocities are controlled using a backstepping controller. Two SMCs are employed to regulate
the wheel torque, ensuring balance and convergence of velocity to the backstepping reference: the two-layer
FTSMC is responsible for velocity and balancing while the conventional SMC manages tilt angle. Simulation
results verify the fast response and superior velocity tracking, as well as the self-balancing performance of the
developed controller.

Keywords: Fast Terminal Sliding mode control, Stability control, Trajectory tracking, Two-wheeled balancing
mobile robots.

is characterized as a nonlinear, dynamically complex,
underactuated, and strongly coupled system. Modeling
and control of TWBMRs have been studied in [7]. In
several research works, linear state feedback strategies
have been adopted to regulate the behavior of the
linearized model. Recent studies have also investigated
classical control schemes such as LQR optimized via
metaheuristic algorithms for two-wheeled balancing
robots, reporting improved performance compared
to conventional tuning methods [8]. However, such
approaches often involve increased computational
complexity and rely on offline optimization procedures,
which may limit their applicability in real-time
implementations. A linear robust control approach for
the TWBMR system was proposed in [9]. Excluding
the yaw angle from the controller design, the feedback
linearization approach has been utilized for the control
and stabilization of TWBMR in [10]. These linear
model-based designs neglect certain nonlinearities
of the TWBMR system, resulting in discrepancies
between the actual system behavior and the nominal
model. Knowledge-based control approaches, such
as fuzzy control, which derive the controller directly
from the nonlinear system dynamics, have attracted
considerable attention [11], [12]. Fuzzy systems are
regarded as effective tools in robotic control and
applications, enabling the handling of mathematically
complex systems under various uncertainties [13].
However, developing fuzzy controllers demands
significant expertise to define suitable membership

1. Introduction

In recent years, wheeled mobile robots (WMRs)
[1] have garnered significant r e s e arch i n t e rest d u e  to 
their extensive range of applications: transportation 
[2], agriculture [3], delivery [4], home services 
[5], surveillance [6]. Performing these tasks highly 
depends on perception, navigation, and control. The 
Two-Wheeled Balancing Mobile Robot (TWBMR) 
is a common type of Wheeled Mobile Robot 
(WMR), which is inspired by the dynamics of the 
inverted pendulum. TWBMR is characterized by its 
lightweight design, compact footprint, rapid rotation, 
and exceptional agility, making it highly efficient 
for applications in transportation and surveillance, 
particularly in dynamic environments with numerous 
moving objects, such as parks and factories.

TWBMR comprises dual side-by-side wheels 
mounted on a common axis and a body that 
encases the system hardware. The TWBMR utilizes 
its two independently driven wheels to achieve 
self-stabilization, perform precise motion control, 
and operate effectively i  n  d  y  n  a mic environments. 
The operating mode of the TWBRM is based on 
controlling the robot’s center of gravity, with its 
balance achieved through body inclination and the 
movement of the two wheels. It is also an inherently 
unstable system due to its configuration w  i  t  h  only 
two support points, two motors for each wheel, and 
the ability to move freely in both position and tilt. 
From an automatic control perspective, the TWBMR
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functions. The lack of a structured method for
specifying membership parameters complicates the
design and implementation of fuzzy controllers.
studies have attempted to enhance fuzzy-based control
frameworks by integrating advanced optimization or
adaptive mechanisms to improve performance and
robustness in robotic systems [14]. Nevertheless,
such approaches often introduce additional design
complexity and computational burden, particularly
when applied to real-time control of nonlinear and
underactuated robots. Other intelligent methods,
such as learning algorithms, struggle to perform
effectively under external disturbances because
of their long training times. The controller for
a TWBMR must rebalance the robot when an
imbalance occurs. In addition to model-based control
approaches, observer-based control strategies have
been investigated to cope with unmeasured states and
unknown disturbances in two-wheeled inverted robots.
In particular, Tran et al. proposed observer-based
controllers that estimate system states and lumped
disturbances, thereby improving robustness without
requiring full-state measurements [15, 16].

Sliding Mode Control (SMC) is another
control technique widely applied in robotic control
applications [17]. SMC is widely recognized for its
fast response and robustness against disturbances
and uncertainties. The core principle of this method
is to drive the system states toward a specified
sliding manifold and maintain them on it thereafter.
A discrete-time SMC approach addressing the
path-following problem of wheeled mobile robots
was introduced in [18]. To enhance the convergence
rate of the system states toward the sliding surface,
numerous modifications have been proposed. The
terminal sliding mode control (TSMC) approach
was introduced to ensure rapid convergence within a
finite time [19]; however, it exhibits slow convergence
near the equilibrium point. Subsequently, the fast
terminal sliding mode control (FTSMC) approach was
developed to enhance convergence speed relative to
TSMC [20]. In [21], an SMC approach was proposed
to control underactuated mechanical systems. The
backstepping approach applied to the kinematic
controller is a widely used method for WMR control
[22]. In this technique, a series of intermediate
control laws are introduced for specific system
outputs. Subsequently, an additional control strategy is
employed to implement these virtual control laws and
achieve the desired system behavior.

This study proposes a backstepping technique for
the kinematic model, followed by a hybrid controller
that combines a two-layer fast terminal sliding mode
control (FTSMC) and conventional sliding mode
control (SMC) to improve the stability and tracking

accuracy of the TWBMR system. Accordingly, the
mathematical model of the TWBMR is established
using the Lagrangian formulation.

The rest of this paper is organized as follows:
Section 2 presents the system dynamic modeling,
Section 3 details the design of the control structure
based on the dynamic model, and Section 4 provides
the simulation results obtained using MATLAB.
Finally, the conclusion provides a summary of the study
and its key findings.
2. Modeling

The modeling of a TWBMR is divided into 2
parts: kinematic and dynamic modeling. Kinematic
modeling characterizes the system by establishing
the geometric relationships and the mathematical
formulation of motion, without taking into account
the effects of mass, inertia, or external forces.
Dynamic modeling investigates system behavior with
considering the effects of forces, moments, and energy
interactions that are directly related to the chassis.
The TWBMR system, modeled as an inverted
pendulum, is shown in Fig.1, where the chassis is fitted
with two individually driven wheels. The schematic
diagram defines three coordinate systems: {𝑀} with
axes (𝑚1, 𝑚2, 𝑚3), located at the midpoint of the
wheel axis; {𝐵} with axes (𝑏1, 𝑏2, 𝑏3), positioned at
the pendulum’s center of mass; and {𝑁 } with axes
(𝑛1, 𝑛2, 𝑛3), fixed to the ground.
In Fig.1 , 𝐷 represents the distance between the two
wheels, 𝑅 denotes the wheel radius, and 𝐿 corresponds
to the length of the inverted pendulum of the TWBMR.
The mass of the pendulum (excluding the wheels)
is denoted by 𝑚𝑝, while the mass of each wheel
is represented by 𝑚𝑤. The moments of inertia of
the pendulum about its mass center along the three
principal coordinate axes are denoted by 𝐼𝑎, 𝐼𝑏 , 𝐼𝑐. In
addition, 𝐽 and 𝐾 represent the wheel’s rotational
inertias around the vertical axis passing through the
wheel hub and around the axis orthogonal to it.
The subscripts used in the following notation indicate
the respective components: left wheel (𝐿), right wheel
(𝑅), wheel-axis midpoint (𝑀), and pendulum body
(𝐵). Exponents are used to indicate the reference
coordinate, with the inertial coordinate 𝑁 written
without a symbol. The main parameters are defined
as follows: Ω𝐿, Ω𝑅, Ω𝑃 represent the rotational speed
vectors of the left wheel, right wheel, and pendulum;
𝑉𝐿, 𝑉𝑅, 𝑉𝑃 correspond to the linear speed vectors of
their mass centers; 𝑥𝑐, 𝑦𝑐, 𝑧𝑐 specify the location of
the system’s central point in coordinate {𝑁 }. 𝑉𝑀 and
𝜔𝑀 represent the linear and angular velocities of the
2TWBMR in coordinate {𝑀}. 𝑇𝐿 and 𝑇𝑅 correspond
to the wheel torques; 𝛾𝐿 and 𝛾𝑅 are the wheel rotation
angles; 𝑋̇ , 𝛼̇, 𝛽̇ denote the longitudinal velocity, angular
rate around the pitch axis, and angular rate around the
yaw axis; 𝑓𝐿 and 𝑓𝑅 represent the frictional torques
acting on the left and right wheels.
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Fig. 1. TWBMR based on inverted pendulum

2.1. Kinematic Modeling
The TWBMR system is characterized by six 

generalized coordinates.

𝑝 = [𝑥𝑐 𝑦𝑐 𝛽 𝛼 𝛾𝑟 𝛾𝑙]
𝑇 (1)

where 𝛾𝑟 and 𝛾𝑙 represent the rotation angles of the right
and left wheels.
The motion of each body’s center of mass is subject to
the following holonomic constraints:

𝑥𝑏 = 𝑥𝐶 + 𝐿 sin 𝛼 cos 𝛽

𝑦𝑏 = 𝑦𝐶 + 𝐿 sin 𝛼 sin 𝛽

𝑧𝑏 = 𝑧𝐶 + 𝐿 cos 𝛼

𝑥𝑙 = 𝑥𝐶 −
𝐷

2
sin 𝛽 (2)

𝑦𝑙 = 𝑦𝐶 +
𝐷

2
cos 𝛽

𝑥𝑟 = 𝑥𝐶 +
𝐷

2
sin 𝛽

𝑦𝑟 = 𝑦𝐶 −
𝐷

2
cos 𝛽

It is assumed that the TWBMR moves under the
conditions of pure rolling without lateral slip, which
can be expressed through the following nonholonomic
constraint:

𝑦̇𝑐 cos 𝛽 − 𝑥̇𝑐 sin 𝛽 = 0 (3)

The translational velocity along the axis (𝑉𝑥𝑟 ) and the
angular velocity are expressed as:

𝑉𝑥𝑟 =
𝑅

2
(𝛾̇𝑟 + 𝛾̇𝑙) (4)

𝛽̇ =
𝑅

𝐷
(𝛾̇𝑟 − 𝛾̇𝑙) (5)

The connection between the Cartesian velocities
(𝑥̇𝑐) and (𝑦̇𝑐) and the robot’s translational velocity
(𝑉𝑥𝑟) is expressed as:

𝑥̇𝑐 = 𝑉𝑥𝑟 cos 𝛽 (6)

𝑦̇𝑐 = 𝑉𝑥𝑟 sin 𝛽 (7)

From equations (4) to (7), two more nonholonomic
constraints can be derived:

𝑦̇𝑐 sin 𝛽 − 𝑥̇𝑐 cos 𝛽 = 𝑅𝛾̇𝑙 +
𝐷

2
𝛽̇ (8)

𝑦̇𝑐 sin 𝛽 − 𝑥̇𝑐 cos 𝛽 = 𝑅𝛾̇𝑟 −
𝐷

2
𝛽̇ (9)

The kinematic constraints in (3), (8), (9) are expressed
as follows:

𝐀(𝐩)𝐩̇ = 0 (10)

where

𝐀(𝐩) =

⎡
⎢
⎢
⎣

− sin 𝛽 cos 𝛽 0 0 0 0

cos 𝛽 sin 𝛽 𝐷

2
0 −𝑅 0

cos 𝛽 sin 𝛽 𝐷

2
0 0 −𝑅

⎤
⎥
⎥
⎦
(11)

2.2. Dynamic Modeling

The velocities of components L, R, B relative to
the {𝑁 } reference coordinate are obtained by taking
the derivative of equation (2), yielding the following
expressions:

𝑉𝐿 =
(
𝑥𝐶 −

𝐷

2
̇𝛽 cos 𝛽

)
𝑛1 +

(
𝑦𝐶 −

𝐷

2
̇𝛽 sin 𝛽

)
𝑛2

(12)

𝑉𝑅 =
(
𝑥𝐶 +

𝐷

2
̇𝛽 cos 𝛽

)
𝑛1 +

(
𝑦𝐶 +

𝐷

2
̇𝛽 sin 𝛽

)
𝑛2

(13)

𝑉𝑃 = (𝑥𝐶 + 𝐿𝛼̇ cos 𝛼 cos 𝛽 − 𝐿𝛽̇ sin 𝛼 sin 𝛽)𝑛1

+ (𝑦̇𝐶 + 𝐿𝛼̇ cos 𝛼 sin 𝛽 − 𝐿𝛽̇ sin 𝛼 cos 𝛽)𝑛2

− 𝐿𝛼̇ sin 𝛼𝑛3 (14)

The rotational motion of the components {𝐿, 𝑅, 𝐵} is
described by the following angular velocity equations:

Ω𝐿 = Ω
𝑀
+ 𝛾̇𝐿𝑚2 = 𝛽̇𝑚3 +

(

1

𝑅)(
𝑥 −

𝐷

2
𝛽̇
)
𝑚2

(15)

Ω𝑅 = Ω
𝑀
+ 𝛾̇𝑅𝑚2 = 𝛽̇𝑚3 +

(

1

𝑅)(
𝑥 +

𝐷

2
𝛽̇
)
𝑚2

(16)
Ω𝑃 = Ω

𝑀
+ 𝛼̇𝑏2 = (−𝛽̇ sin 𝛼)𝑏1 + 𝛼̇𝑏2 + (𝛽̇ cos 𝛼)𝑏3

(17)

The overall kinetic energy of the TWBMR,
encompassing both linear and rotational motion, is
expressed as:

𝑇1 =
1

2
𝑚𝑤(𝑉𝐿)

𝑇
𝑉𝐿 +

1

2
𝑚𝑤(𝑉𝑅)

𝑇
𝑉𝑅

+
1

2
𝑚𝑃 (𝑉𝑃 )

𝑇
𝑉𝑃 (18)
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𝑇2 =
1

2
(Ω𝐿)

𝑇
𝐼𝐿Ω𝐿 +

1

2
(Ω𝑅)

𝑇
𝐼𝑅Ω𝑅

+
1

2
(Ω𝑃 )

𝑇
𝐼𝑃Ω𝑃 (19)

where 𝐼𝐿, 𝐼𝑅, 𝐼𝑃 are inertia matrices of three bodies:

𝐼𝐿 = 𝐼𝑅 = 𝑑𝑖𝑎𝑔{𝐾, 𝐽 , 𝐾} (20)
𝐼𝑃 = 𝑑𝑖𝑎𝑔{𝐼𝐴, 𝐼𝐵, 𝐼𝐶} (21)

The potential energy of the TWBMR, considering its
movement on a flat surface, is given by:

𝑈 = 𝑚𝑝𝑔𝐿 cos 𝛼 (22)

The Lagrangian is formulated as:

𝐿 = 𝑇 − 𝑈 = 𝑇1 + 𝑇2 − 𝑈 (23)

Applying Lagrange’s equation yields:

𝑑

𝑑𝑡 (

𝜕𝐿

𝜕𝐩̇)
−
𝜕𝐿

𝜕𝐩
= 𝝓 + 𝐀(𝐩)

𝑇
𝝀 (24)

where 𝝀 represents the Lagrange multiplier and 𝝓

denotes the vector of external forces associated with the
six coordinates:

𝝓 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

0

𝑇𝐿 + 𝑇𝑅 − 𝑐(𝛾̇𝐿 − 𝛼̇) − 𝑐(𝛾̇𝑅 − 𝛼̇)

𝑇𝑅 − 𝑐(𝛾̇𝑅 − 𝛼̇)

𝑇𝐿 − 𝑐(𝛾̇𝐿 − 𝛼̇)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(25)

where 𝑐 represents the viscous damping coefficient
acting on the wheel axis.
Solving the Lagrangian equation without the Lagrange
multipliers, the dynamic equations can be represented
as:

𝑀𝑞̈ + 𝐶𝑞̇ + 𝐻𝑞̇ + 𝐺 = 𝐵𝜏 (26)

Where the system’s velocity vector is given by

𝑞̇ = [𝑉𝑥𝑟 ; 𝛼̇; 𝛽̇]
𝑇 (27)

and 𝑀 denotes the inertia matrix, 𝐶 represents the
Coriolis and centrifugal force matrix, 𝐻 is the friction
matrix, 𝐵 is the input matrix, and 𝜏 indicates torque
matrix;

𝑀 =

⎡
⎢
⎢
⎣

𝑎11 𝑎12 0

𝑎21 𝑎22 0

0 0 𝑎33

⎤
⎥
⎥
⎦

; 𝐶 =

⎡
⎢
⎢
⎣

0 𝑐12 𝑐13

0 0 𝑐23

𝑐31 𝑐32 𝑐33

⎤
⎥
⎥
⎦

𝐺 =

⎡
⎢
⎢
⎣

0

−𝑚𝑃𝐿𝑔 sin 𝛼

0

⎤
⎥
⎥
⎦

; 𝐻 =

⎡
⎢
⎢
⎣

ℎ11 ℎ12 0

ℎ21 ℎ22 0

0 0 ℎ33

⎤
⎥
⎥
⎦

𝐵 =

⎡
⎢
⎢
⎣

1

𝑅

1

𝑅

−1 −1

− 𝐷

2𝑅

𝐷

2𝑅

⎤
⎥
⎥
⎦

; 𝜏 =
[

𝑇𝐿

𝑇𝑅]

The components of the matrices are specified below:
𝑎11 = 𝑚𝑃 + 2𝑚𝑤 +

2𝐽𝑤
𝑅2 , 𝑎12 = 𝑎21 = 𝑚𝑃𝐿 cos 𝛼, 𝑎22 =

𝐼𝐵 + 𝑚𝑝𝐿
2, 𝑎33 = 𝐼𝐶 + 2𝐾 + 𝑚𝑤

𝐷2

2
+

𝐽𝐷2

2𝑅2 −

(𝐼𝐶 − 𝐼𝐴 − 𝑚𝑃𝐿
2) sin2 𝛼, 𝑐12 = 𝑚𝑃𝐿𝛼̇ sin 𝛼, 𝑐13 =

𝑚𝑃𝐿𝛽̇ sin 𝛼, 𝑐23 = (𝐼𝐶 − 𝐼𝐴 − 𝑚𝑃𝐿
2)𝛽̇ sin 𝛼 cos 𝛼, 𝑐31 =

𝑚𝑃𝐿𝛽̇ sin 𝛼, 𝑐32 = −(𝐼𝐶 − 𝐼𝐴 −𝑚𝑃𝐿
2)𝛽̇ sin 𝛼 cos 𝛼, 𝑐33 =

−(𝐼𝐶 − 𝐼𝐴 − 𝑚𝑃𝐿
2)𝛼̇ sin 𝛼 cos 𝛼, ℎ11 = 2𝑐

𝑅2 , ℎ12 = ℎ21 =

− 2𝑐

𝑅
, ℎ22 = 2𝑐, ℎ33 =

𝐷2𝑐

2𝑅2 .

We divide the entire system into two distinct
subsystems: one representing an inverted pendulum
system associated with 𝑉𝑥𝑟 and 𝛼, and another
governing the TWBMR’s heading angle 𝛽. The
equation (26) can be rewritten as:

𝑀𝑞̈ + 𝐶𝑞̇ + 𝐻𝑞̇ + 𝐺 =

⎡
⎢
⎢
⎣

1

𝑅
0

−1 0

0 1

⎤
⎥
⎥
⎦
[

𝑢1

𝑢2]
(28)

where

𝑢1 = 𝑇𝐿 + 𝑇𝑅; 𝑢2 = 𝑇𝑅 − 𝑇𝐿 (29)

Therefore, the dynamic equations for 𝛼, 𝑉𝑥𝑟 , and 𝛽 can
be expressed as:

𝛼̈ = 𝑓1(𝑥) + 𝑔1(𝑥)𝑢1

𝑉̇𝑥𝑟 = 𝑓2(𝑥) + 𝑔2(𝑥)𝑢1

𝛽 = 𝑓3(𝑥) + 𝑔3(𝑥)𝑢2

(30)

3. Control Design

This section primarily aims to maintain the
robot’s stability while following the target trajectory.
The goal is to reduce the associated error vector to zero,
represented in the TWBMR’s local coordinate frame
as:

𝐞 =

⎡
⎢
⎢
⎣

𝑒𝑥(𝑡)

𝑒𝑦(𝑡)

𝑒𝛽(𝑡)

⎤
⎥
⎥
⎦

=

⎡
⎢
⎢
⎣

cos 𝛽 sin 𝛽 0

− sin 𝛽 cos 𝛽 0

0 0 1

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝑥𝑑 − 𝑥

𝑦𝑑 − 𝑦

𝛽𝑑 − 𝛽

⎤
⎥
⎥
⎦

(31)

where [𝑥𝑑 ; 𝑦𝑑 ; 𝛽𝑑]𝑇 represents the target position of the
TWBMR.
By differentiating the equation, we obtain:

𝑒̇𝑥(𝑡) = 𝛽̇𝑒𝑦 − 𝑉𝑥𝑟 + 𝑉𝑥𝑟𝑑 cos 𝑒𝛽

𝑒̇𝑦(𝑡) = −𝛽̇𝑒𝑥 + 𝑉𝑥𝑟𝑑 sin 𝑒𝛽

𝑒̇𝛽(𝑡) = 𝛽̇𝑑 − 𝛽̇

where 𝑉𝑥𝑟𝑑 represents the target linear velocity of the
TWBMR along the 𝑚1 axis.

To achieve this regulation, two inner control
loops are considered. The first approach employs
the backstepping method to guarantee accurate path
following by the robot. The following approach consists
of two Sliding Mode Controllers (SMCs), aimed at
driving the velocities toward their target values and
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preserving the robot’s stability: A conventional Sliding
Mode Controller (SMC) is implemented to regulate the
robot’s planar angle, producing the control input 𝑢2,
while a two-layer fast terminal SMC is employed to
manage the tilt angle and linear velocity, generating the
control input 𝑢1.

3.1. Backstepping Kinematic Control Design

To accomplish the trajectory tracking, the
backstepping technique is used. This method breaks
down complex systems into simpler subsystems and
offers a clear structure for the controller to bring the
errors 𝐞 → 0 when t → ∞.
Lemma 1. For all real numbers 𝑥,

𝜇(𝑥) = 𝑥 sin(arctan(𝑥)) ≥ 0,

Equality is achieved precisely when 𝑥 = 0.

𝑃𝑟𝑜𝑜𝑓 . The scenarios for the cases 𝑥 = 0, 𝑥 > 0,
and 𝑥 < 0 were examined separately. In scenario 𝑥 = 0,
it’s clear that 𝜇(𝑥) = 0; in cases 𝑥 > 0, it follows
that arctan(𝑥) ∈ (0, 𝜋

2
), so sin(arctan(𝑥)) ∈ (0, 1), and

𝜇(𝑥) > 0; and when 𝑥 < 0, we have arctan(𝑥) ∈

(−
𝜋

2
, 0), sin(arctan(𝑥)) ∈ (−1, 0), hence 𝜇(𝑥) > 0.

Consider a scalar function V as a candidate
Lyapunov function:

𝑉 =
1

2
(𝑒

2
𝑥 + 𝑒

2
𝑦) (32)

When 𝑒𝑥 = 0, the Lyapunov function V became

𝑉 =
1

2
𝑒
2
𝑦 (33)

Then, taking the derivative, we have:

𝑉̇ = 𝑒𝑦 𝑒̇𝑦

= 𝑒𝑦(−𝛽̇𝑒𝑥 + 𝑉𝑥𝑟𝑑 sin 𝑒𝛽)

= 𝑒𝑦𝑉𝑥𝑟𝑑 sin 𝑒𝛽 (34)

Let 𝑒𝛽 = − arctan(𝑒𝑦𝑉𝑥𝑟𝑑), 𝑉̇ can be written as:

𝑉̇ = 𝑒𝑦𝑉𝑥𝑟𝑑 sin (− arctan(𝑒𝑦𝑉𝑥𝑟𝑑))

= −𝑒𝑦𝑉𝑥𝑟𝑑 sin (arctan(𝑒𝑦𝑉𝑥𝑟𝑑)) (35)

Based on Lemma 3.1, 𝑉 ≤ 0 is satisfied.
Therefore, when 𝑒𝑥 converges to 0 and 𝑒𝛽 converges
to − arctan(𝑒𝑦𝑉𝑥𝑟𝑑), then 𝑒𝑦 also converges to 0 which
also leads 𝑒𝛽 converges to 0. To achieve that, two
Lyapunov functions are characterized as follows:

𝑉1 =
1

2
𝑒
2
𝑥 (36)

𝑉2 =
1

2
(𝑒𝛽 + arctan(𝑒𝑦𝑉𝑥𝑟𝑑))

2 (37)

The derivation of equation (36) and (37) is represented
by the following equation;

𝑉̇1 = 𝑒𝑥 𝑒̇𝑥 = 𝑒𝑥(𝛽̇𝑒𝑦 − 𝑉𝑥𝑟 + 𝑉𝑥𝑟𝑑 cos 𝑒𝛽) (38)

𝑉̇2 = (𝑒𝛽 + arctan(𝑒𝑦𝑉𝑥𝑟𝑑))

(
𝛽̇𝑑 − 𝛽̇ +

𝑉̇𝑥𝑟𝑑𝑒𝑦 + 𝑉 2
𝑥𝑟𝑑 sin(𝑒𝛽) − 𝑉𝑥𝑟𝑑 𝛽̇𝑒𝑥

(𝑒𝑦𝑉𝑥𝑟 )
2 + 1 )

(39)

To ensure 𝑉1 and 𝑉2 ≤ 0, the backstepping
kinematic control laws can be introduced as follow:

[

𝑉𝑟

𝛽̇𝑟 ]
=

⎡
⎢
⎢
⎢
⎢
⎣

𝑘𝑥𝑒𝑥 + 𝛽̇𝑒𝑦 + 𝑉𝑥𝑟𝑑 cos 𝑒𝛽

𝛽̇𝑑 +
𝑉̇𝑥𝑟𝑑𝑒𝑦 + 𝑉 2

𝑥𝑟𝑑 sin(𝑒𝛽) − 𝑉𝑥𝑟𝑑 𝛽̇𝑒𝑥

(𝑒𝑦𝑉𝑥𝑟 )
2 + 1

+ 𝑘𝛽(𝑒𝛽 + arctan(𝑒𝑦𝑉𝑥𝑟𝑑))

⎤
⎥
⎥
⎥
⎥
⎦

(40)

where 𝑘𝑥 , 𝑘𝛽 are positive constants.
Substituting equations (40) into (39) :

𝑉̇1 = −𝑘𝑥𝑒
2
𝑥 (41)

𝑉̇2 = −𝑘𝛽(𝑒𝛽 + arctan(𝑒𝑦𝑉𝑥𝑟𝑑))
2 (42)

Therefore it can be concluded that 𝑉̇1, 𝑉̇2 ≤ 0, so
the control law is stable according to the Lyapunov
theorem.

3.2. Sliding Mode Control Design

The SMC controller is designed to ensure that
𝑉𝑥𝑟 and 𝛽̇ converge to 𝑉𝑟 and 𝛽̇𝑟 , respectively, while
𝛼 converges to zero. To achieve this, new error vectors
are redefined as follows:

𝑒̇𝑥1 = 𝑉𝑟 − 𝑉𝑥𝑟 (43)
𝑒𝛽1 = 𝛽𝑟 − 𝛽 (44)

3.2.1. Two-layer Fast Terminal SMC

As mentioned above, the system is divided into
two subsystems. One of them is referred to 𝑉̇𝑥𝑟 and
𝛼̈, which is influenced by 𝑢1. The objective of this
subsystem is to ensure that 𝑉𝑥𝑟 converges to 𝑉𝑟 as
given in (40) and 𝛼 converges to zero. Considering the
structure of the fast terminal sliding mode, a pair of
first-layer sliding surfaces for the subsystem is defined
as in (45).

𝑆𝑥 = 𝑒̇𝑥1 + 𝑐1𝑒𝑥1 + 𝑐2𝑒
𝑞1/𝑝1

𝑥1

𝑆𝛼 = 𝑒̇𝛼 + 𝑐3𝑒𝛼 + 𝑐4𝑒
𝑞2/𝑝2
𝛼 (45)

The two-layer sliding surface is formulated as the
combination of the two individual surfaces 𝑆𝛼 and 𝑆𝑥 :

𝑆 = 𝜁𝑆𝛼 + 𝛾𝑆𝑥 (46)

Consider the overall control input of the sliding-mode
controller as defined in (47):

𝑢1 =
1

𝜁𝑔1 + 𝛾𝑔2
[
𝜁
(
− 𝑓1 + 𝑐3𝑒̇𝛼 + 𝑐4

𝑞2

𝑝2

𝑒̇𝛼𝑒

𝑞2
𝑝2
−1

𝛼 )
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Fig. 2. Control diagram

+ 𝛾
(
𝑉̇𝑟 − 𝑓2 + 𝑐1𝑒̇𝑥1 + 𝑐2

𝑞1

𝑝1

𝑒̇𝑥1𝑒

𝑞1
𝑝1
−1

𝑥1 )

+ 𝑘1𝑠𝑖𝑔𝑛(𝑆) + 𝑘2|𝑆|]
(47)

where 𝑘1 and 𝑘2 are positive constants. For
demonstrating the controller’s stability, the following
positive definite Lyapunov function is adopted:

𝑉 =
1

2
𝑆
2 (48)

By differentiating the Lyapunov function with respect
to time, we have:

𝑉̇ = 𝑆𝑆̇

= 𝑆(−𝑘1𝑠𝑖𝑔𝑛(𝑆) − 𝑘2|𝑆|)

= −𝑘1|𝑆| − 𝑘2𝑆
2 (49)

From (49), the system is guaranteed to be
asymptotically stable according to the Lyapunov
method. One can conclude that the sliding surface
𝑆 reaches zero in finite time. This implies that 𝑆𝛼 and
𝑆𝑥 converge to zero asymptotically.

The convergence times for the system states to
reach 𝑆𝑥 = 0 and 𝑆𝛼 = 0 are determined as follows:

𝑡𝑥 =
𝑝1

𝑐1(𝑝1 − 𝑞1)
ln

𝑐1𝑒𝑥1(0)
(𝑝1−𝑞1)/𝑝1 + 𝑐2

𝑐2
(50)

𝑡𝛼 =
𝑝2

𝑐3(𝑝2 − 𝑞2)
ln

𝑐3𝑒𝛼(0)
(𝑝2−𝑞2)/𝑝2 + 𝑐4

𝑐4
(51)

When the system state is distant from the equilibrium
point, the effect of the linear sliding mode is negligible,
and the convergence speed is mainly governed by the
nonlinear component.

3.2.2. Conventional SMC Design

From (30), 𝛽 is influenced by 𝑢2. The objective of
this control law is to regulate 𝛽 to follow the reference
𝛽𝑟 in (40). The sliding mode surface is designed as:

𝑆𝛽 = 𝑒̇𝛽1 + 𝑐5𝑒𝛽1 (52)

The derivative of the sliding surface is given by:

𝑆̇𝛽 = 𝑒𝛽1 + 𝑐5𝑒̇𝛽1

= 𝛽𝑟 − 𝑓3 − 𝑔3𝑢2 + 𝑐5𝑒̇𝛽 (53)

The following Lyapunov function is chosen:

𝑉𝛽 =
1

2
𝑆𝛽

2 (54)

After taking derivative of 𝑉𝛽 we have:

𝑉̇𝛽 = 𝑆𝛽 ̇𝑆𝛽

= 𝑆𝛽(𝛽𝑑 − 𝑓3 − 𝑔3𝑢2 + 𝑐5𝑒̇𝛽1) (55)

In order to make 𝑉̇𝛽 < 0, the input signal 𝑢2 is chosen
as:

𝑢2 = 𝑔
−1
3 (𝛽𝑟 − 𝑓3 + 𝑐5𝑒̇𝛽1 + 𝑘3𝑠𝑖𝑔𝑛(𝑆𝛽) + 𝑘4|𝑆𝛽 |)

(56)

Then we have 𝑉̇𝛽 = −𝑘3|𝑆𝛽 | − 𝑘4𝑆
2
𝛽 < 0, so 𝑆𝛽 and 𝛽

converge to zero and the system is stable according to
the Lyapunov criterion,

3.3. Effect of Controller Parameters

The proposed hybrid controller involves 13
design parameters, which are summarized in Table
1. Although the number of parameters is relatively
large, they are not tuned simultaneously. Instead, a
hierarchical systematic tuning procedure is employed
based on the decoupled structure of the robot
dynamics. This approach ensures that the inner-loop
stability (balancing) is prioritized before optimizing the
outer-loop tracking performance.
Table1 Definition of control parameters and their
physical significance

Category Parameters Physical Significance
Kinematic 𝑘𝑥 , 𝑘𝛽 Trajectory tracking

error convergence
FTSMC Surface 𝑐1, 𝑐2, 𝑐3, 𝑐4 Finite-time convergence

of 𝑉𝑥 and 𝛼

SMC Surface 𝑐5 Convergence of heading
angle 𝛽

Reaching Law 𝑘1, 𝑘2, 𝑘3, 𝑘4 Robustness against
uncertainties

Coupling 𝛾 , 𝜁 Balance between
translational motion and
tilt stabilization
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To make the tuning process more transparent, the
parameter analysis is summarized into four technical
remarks using the defined symbols. These remarks
highlight the inherent trade-offs among tracking
precision (𝑘𝑥 , 𝑘𝛽), balancing stability (𝑐3, 𝑐4, 𝜁 ), and
control smoothness (𝑐1, 𝑐2, 𝑘𝑖).

Remark 1 : Increasing 𝑘𝑥 and 𝑘𝛽 accelerates the
convergence of the tracking errors 𝑒𝑥 , 𝑒𝑦 , and 𝛽.
However, excessively large 𝑘𝑥 may intensify pitch
oscillations due to the underactuated nature of the
system. Therefore, 𝑘𝑥 is selected to balance tracking
performance and allowable pitch motion.

Remark 2 : The sliding surface parameters are selected
such that (𝑐3, 𝑐4) ≫ (𝑐1, 𝑐2). Larger values of 𝑐3 and 𝑐4

enhance the effective stiffness for stabilizing the pitch
angle 𝛼, while 𝑐1 and 𝑐2 are chosen as very small values
to ensure smooth control action and avoid singularity
issues near 𝑠 = 0. 𝑐5 balances heading responsiveness
and centrifugal disturbance; it must be tuned to allow
smooth cornering without compromising the upright
stability of the pitch angle 𝛼. Too large 𝑐5 causes
aggressive turning and pitch instability, while too small
𝑐5 leads to slow response and poor tracking on sharp
curves.

Remark 3 : Both (𝑘1, 𝑘2) and (𝑘3, 𝑘4) are derived
from the Lyapunov-based reaching law, but their
effects on the system behavior differ significantly.
The gains (𝑘1, 𝑘2) directly act on the unstable
subsystems, namely the balancing and velocity loops,
rendering the system highly sensitive to their tuning.
In contrast, (𝑘3, 𝑘4) primarily regulate the heading
loop 𝛽, which is kinematically stable. Since the
heading loop is kinematically stable, these gains
primarily affect turning accuracy and the capability to
maintain the desired heading in the presence of friction
uncertainties. Larger values of 𝑘𝑖 enhance steady-state
error attenuation and robustness; however, they should
be properly bounded to prevent actuator saturation and
excessive mechanical loading.

Remark 4 : The coupling factors 𝛾 and 𝜁 are selected
as small weighting terms (𝛾 , 𝜁 ≪ 1) to preserve the
dominance of the balancing loop over the velocity
control loop. This choice enhances stability when
the robot undergoes rapid velocity variations during
trajectory tracking.

4. Simulation Results

For this part, to demonstrate the effectiveness
of the controller, the proposed control strategies are
implemented within the TWBMR dynamic model in
MATLAB Simulink. Two simulation driving scenarios
are considered: balancing performance with an initial
nonzero tilt angle, and movement at constant velocity
where the system’s starting state does not coincide with
the origin of the reference trajectory. The parameters
of the TTWBMR used in the simulation are as follows.

(a) Position error along the x-axis and y-axis

(b) Vehicle velocities and pitch angle

Fig. 3. The results of TWBMR balancing control

The distance between the two wheels is 𝐷 = 0.6 m, and 
the length of the pendulum is 𝐿 = 0.5 m. Each wheel has 
a radius of 𝑅 = 0.15 m. The mass of the pendulum body 
(excluding the wheels) is 𝑚𝑝 = 27 kg, while the mass 
of each wheel is 𝑚𝑤 = 2 kg. The moments of inertia of 
the wheels are 𝐽 = 0.0225 kg·m2 and 𝐾 = 0.015 kg·m2. 
For the pendulum, the principal moments of inertia 
about its center of mass are 𝐼𝐴 = 0.005 kg·m2, 𝐼𝐵 = 
0.005 kg·m2, and 𝐼𝐶 = 0.002 kg·m2. The gravitational 
acceleration is taken as 𝑔 = 9.81 m/s2, and the viscous 
damping coefficient is 𝑐𝛼  = 0.7.
4.1. Stability and Tracking Results

In the first simulation scenario, the Two-Wheeled 
Balancing Mobile Robot (TWBMR) was tested 
for its self-balancing capability around the upright 
equilibrium position. The desired tilt angle, linear 
velocity, and position were all set to zero, while the 
initial tilt angle was assigned a nonzero value of 1 rad 
to simulate an initial perturbation. As shown in Fig.3a, 
the position error along the 𝑥-axis initially exhibits 
an overshoot caused by the corrective motion of the
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robot attempting to restore balance. This transient
behavior quickly diminishes, and the error converges
to zero within approximately 3 s, indicating a fast
stabilization response. Since the robot in this case is
constrained to move only in the plane, the position
error along the 𝑦-axis remains zero throughout the
simulation, as illustrated in Fig.3a. The evolution of
the pitch angle, presented in Fig.3b, further confirms
the effective balancing performance of the proposed
controller. The tilt angle 𝛼 decreases smoothly and
converges to zero with a minor overshoot of about
0.4 rad, showing both rapid convergence and good
damping characteristics without excessive oscillations.
This demonstrates that the two-layer FTSMC structure
efficiently suppresses the nonlinear coupling between
the tilt and translational dynamics. The velocity
response shown in Fig.3b exhibits similar stability
characteristics: the linear velocity quickly returns
to zero once the robot regains its upright position.
This implies that the balance recovery and position
stabilization occur almost simultaneously, validating
the effectiveness of the backstepping–FTSMC-based
control design in maintaining equilibrium while
minimizing position drift and oscillation.

In the second simulation, the controller
performance was evaluated for a combined
balancing and trajectory-tracking task. The robot
was commanded to follow a straight-line trajectory
with a desired constant velocity of 1 m/s. The initial
pitch angle was again set to 1 rad, and the starting
coordinates were defined as (−1, −1), introducing both
position and orientation deviations from the reference
path. As illustrated in Fig.4, the proposed hybrid
controller successfully enables the robot to follow the
desired trajectory while maintaining its self-balancing
ability. The position errors along both the 𝑥- and
𝑦-axes converge rapidly to zero within approximately
3 s, indicating precise trajectory tracking. The tilt
angle 𝛼 remains stable throughout the motion, with a
maximum deviation of about 0.5 rad (corresponding
to 28.65◦), which is quickly compensated by the
fast terminal sliding mode mechanism. The velocity
response demonstrates smooth convergence toward
the reference velocity, with minimal steady-state
error and negligible oscillations, confirming the
controller’s robustness to initial state offsets and system
nonlinearities. Overall, these results validate that the
proposed backstepping–FTSMC controller provides
both fast convergence and strong stability, ensuring
accurate path tracking and effective self-balancing
under varying initial conditions.

4.2. Robustness Evaluation

To rigorously evaluate the robustness of the
proposed Backstepping-FTSMC strategy, additional
simulations are conducted by considering external

(a) Position error along the x-axis and y-axis

(b) Vehicle velocities and pitch angle

Fig. 4. Simulation results for moving with velocity of 
1 m/s

disturbances and model uncertainties. In this 
robustness evaluation, the following two cases are 
considered:

Case 1:A high-frequency external disturbance 
modeled as Δ𝑓 (𝑡) = sin(40𝑡) is added to the system 
dynamics, while the system parameters remain at their 
nominal values, as can be seen in Fig.5.

Case 2: In addition to the external disturbance 
Δ𝑓 (𝑡) = sin(40𝑡), a model parameter variation is 
introduced by increasing the pendulum mass from 
27 kg to 33 kg. The controller parameters are kept 
unchanged in both cases, as can be seen in Fig.6.

Under the high-frequency disturbance Fig.5, 
the tilt angles 𝛼 and 𝛽 remain close to their 
nominal responses. The convergence characteristics 
are largely preserved, and no noticeable degradation 
in transient performance is observed. Although the 
disturbance introduces small oscillatory components 
in the tracking errors, these remain bounded and do
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(a) Response of 𝛼 under high-frequency external
disturbance.

(b) Response of 𝛽 under high-frequency external
disturbance.

Fig. 5. Responses under high-frequency 
external disturbance

not compromise stability. This behavior highlights 
the controller’s capability to attenuate high-frequency 
dynamic uncertainties.

When both external disturbance and payload 
variation are considered Fig.6, the system continues 
to exhibit stable and well-damped responses. Despite 
the increased mass and resulting model mismatch, 
the tilt angles still converge to the equilibrium point 
without instability or steady-state offset. W h ile the 
tracking errors become slightly larger compared to 
the previous case, they remain bounded, confirming 
that the controller retains robust performance under 
combined uncertainties.

4.3. Comparative Simulation Results

A comparative simulation result is presented to 
evaluate the control performance of the proposed 
controller in comparison with an HSMC proposed in

(a) Response of 𝛼 under combined payload variation and
external disturbance.

(b) Response of 𝛽 under combined payload variation and
external disturbance.

Fig. 6. Responses under combined payload variation 
and external disturbance

[17]. To further evaluate the robustness of the proposed 
control strategy, simulation experiments are conducted 
by considering the following two cases:

Case 1: Disturbance-Free Condition. In this case, 
the system operates under nominal conditions without 
any external disturbance. All model parameters are kept 
at their nominal values, and the control performance is 
evaluated as a baseline reference for comparison.

Case 2: External Disturbance. In this case, an 
external disturbance is introduced into the system 
dynamics to examine the robustness of the proposed 
controller. The disturbance is modeled as 𝑓 (𝑡) = 
0.5 sin(20𝑡), representing a bounded, time-varying 
perturbation acting on the plant, while all other system 
parameters remain unchanged.

For both cases, the initial conditions of the system
are set as 𝛼(0) = 1 rad and 𝛽(0) = 𝜋/6 rad. Moreover,
the controller parameters are kept identical to ensure a
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fair comparison. The simulation results corresponding
to these two cases are presented in Fig.7, where the time
responses of the tilt angles 𝛼 and 𝛽.

Based on the simulation results in Fig.7a, the
proposed FTSMC demonstrates a faster convergence
rate than HSMC for all three states 𝑥, 𝛼, and
𝛽. Under FTSMC, the system states reach the
vicinity of the reference trajectories in a shorter
time, highlighting its finite-time convergence property.
Regarding the settling time, both controllers ensure
asymptotic stability; however, FTSMC achieves steady-
state conditions earlier, particularly for the angular
states 𝛼 and 𝛽. Moreover, FTSMC exhibits smaller
overshoot and reduced transient oscillations compared
to HSMC.

In the presence of the external disturbance
𝑓 (𝑡) = 0.5 sin(20𝑡), the proposed FTSMC still
maintains superior control performance compared to
HSMC. As shown in Fig.7b, all system states under
FTSMC remain bounded and converge rapidly to
their reference trajectories despite the disturbance.
Compared with HSMC, FTSMC exhibits stronger
disturbance rejection capability, characterized by faster
convergence and smaller oscillation amplitudes in the
angular states 𝛼 and 𝛽. In particular, the tracking
performance of FTSMC is less affected by the
high-frequency disturbance, whereas HSMC suffers
from more pronounced residual oscillations. These
results demonstrate the robustness of the proposed
FTSMC against external disturbances.

5. Conclusion

This study introduced a hybrid control approach
that combines Backstepping and FTSMC to achieve
both balancing and trajectory tracking for a TWBMR.
The dynamic model was established using the
Lagrangian method, while the control structure was
designed with two layers: the FTSMC ensuring
rapid convergence of tilt and velocity errors, and
the conventional SMC stabilizing the heading angle.
Simulation results verified that the proposed controller
provides fast response, strong robustness, and accurate
stabilization, with all state errors converging within
approximately three seconds and minimal overshoot,
confirming its effectiveness in handling nonlinear and
underactuated robot dynamics.

is acknowledged that the present study focuses
on a simulation-based validation framework, which
is a critical step in the early stage of controller
design to systematically evaluate stability, convergence
properties, and robustness under repeatable
conditions. While simulation results provide valuable
theoretical insights, experimental validation remains
essential to fully assess real-world feasibility and
implementation-related challenges. Consequently,
future research will focus on experimental validation of

(a) Comparison results under disturbance-free conditions.

(b) Comparison results under external disturbance.

Fig. 7. Comparison results

the proposed control strategy using a physical TWBMR 
platform to assess real-world performance under 
noise and disturbances. the robustness advantages 
of discontinuous sliding mode control, chattering 
remains a well-known limitation, especially in 
real-time implementations with finite s a mpling rates. 
Practical mitigation strategies, such as boundary-layer 
techniques, can be employed to smooth the switching 
action at the expense of a small steady-state tracking 
error. Alternatively, higher-order sliding mode 
controllers provide an effective m  e ans t  o  suppress 
chattering while maintaining high robustness and 
accuracy. Incorporating these strategies represents a 
promising direction for future research to improve 
the practical deployment of the proposed controller. 
Additionally, adaptive and intelligent extensions of 
the current controller, such as fuzzy logic, neural 
networks, or observer-based compensation, will 
be explored to further enhance robustness against 
parameter uncertainties and external perturbations. 
Integrating the control framework into a real-time 
embedded system will also be pursued to enable 
practical deployment in robotic applications involving 
uneven terrain and dynamic environments.
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