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Abstract

The three-dimensional (3D) tower crane system is a typical underactuated system. Its dynamic model is complex and
difficult to determine accurately, while the system operates under harsh environmental conditions. This makes the control
problem particularly challenging, as it must simultaneously address both model uncertainties and external disturbances.
Inthis paper, a model-free robust adaptive controller is proposed for the three-dimensional tower crane system (3DTC).
The controller is designed to suppress (or minimize) payload oscillations while ensuring accurate trajectory tracking under system
uncertainties and external disturbances. The proposed approach is developed completely independently of the system model,
without relying on any parameter or disturbance estimation mechanism, and it uses only a single time-varying parameter
that is updated online. This design strategy results in a simpler controller structure, reducing both the computational burden
and design complexity. First, the dynamic model of the 3D tower crane system is formulated to describe the coupling
characteristics between the trolley motion and the payload swing. Then, the controller is designed based on this dynamic
analysis to achieve robust and adaptive control performance. Lyapunov stability theory is employed to rigorously analyze
and guarantee the stability of the closed-loop system. Finally, a series of simulation scenarios are conducted to compare
the proposed method with the conventional SMC and the adaptive approach in [1]. This comparison aims to verify its
performance and effectiveness under various uncertainties and external disturbances. The results demonstrate that the
proposed controller achieves fast convergence, strong robustness, and effective swing suppression, confirming its potential
for practical implementation in real-world 3DTC operations.

Keywords: Tower Crane, model-free adaptive controller, underactuated system, unknown parameters of the system.

model uncertainties. A  Lyapunov-based model

The tower crane system is widely used in industry and
construction at ports and yards to transport heavy and
hazardous loads to desired positions. It is a nonlinear
underactuated system, where the number of actuators is
fewer than the number of control variables. Furthermore,
the non-linear coupling between rotational and
translational motion, as well as the dynamics of this
system, is highly complex. Therefore, accurately
controlling the trolley while simultaneously suppressing
load oscillations is a major challenge for the
three-dimensional tower crane (3DTC) system.
Numerous researchers have proposed various control
methods to address this issue, with varying degrees of
effectiveness. A sliding mode controller combined with
fractional calculus is proposed in [2] to control anti-sway
while ensuring that the state variables remain within safe
bounds. A novel backstepping control method is
developed in [3], which combines the actuated state
variables with the underactuated state variables to
mitigate payload oscillations as the crane and trolley
converge to the desired equilibrium position. In [4], an
integral sliding mode control is designed based on a
high-fidelity non-linear dynamic model, which reduces
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predictive controller is developed in [5], leveraging the
stability conditions of the sliding mode controller to
ensure the global stability of the system.

The aforementioned controllers are all designed based
on the accuracy of the system model. However, tower
crane systems operate in harsh environments and are
significantly —affected by external disturbances.
Additionally, the payload mass changes during operation.
To address these issues, several studies have been
conducted, such as the sliding mode controller based on
disturbance estimation proposed in [6], where disturbance
observers are designed to estimate system disturbances for
controller input. In [7], a nonlinear disturbance observer
is designed to estimate the lumped disturbances. A sliding
mode controller is combined with the beneficial effects of
the disturbances to suppress payload swing. In [8], a
finite-time non-oscillatory sliding mode controller is
integrated with a finite-time observer based on the
super-twisting algorithm to estimate unknown disturbances.
The switching nonlinear logic controller based on a
disturbance observer is proposed in [9]. This controller is
capable of rapidly suppressing payload oscillation in the
presence of complex external disturbances. Furthermore, in
[10], an optimal backstepping controller based on a fixed-time
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disturbance observer is proposed, which compensates
for sudden disturbances to minimize their impacton
crane operation. The improved non-singular fast
terminal sliding mode control in [11] estimates payload
mass. In [12, 13], adaptive control methods based on
the passivity of 3DTC systems are presented. The
adaptive hierarchical sliding mode controller combined
with a finite-time disturbance observer is presented
in [14] for anti-swing and positioning control of a tower
crane system. A novel design using an adaptive output
feedback control method with online gravity
compensation is proposed in [1], which addresses the
disturbance amplification problem caused by the steady-
state cable error in tower crane control, as well as
accurately estimates the payload. Furthermore, [15]
presents a robust adaptive sliding mode controller for
a tower crane system, which accurately positions the
payload and suppresses oscillation while considering
both friction and external wind disturbances. In other
research, adaptive input shaping controllers are
discussed in [16], [17], where neural networks are used
to update the uncertain parameters of the tower crane. A
neural network-based adaptive controlleris proposed
in [18], which simultaneously addresses uncertain
dynamics estimation, uncertain disturbances, and
obstacle avoidance. Moreover, fuzzy adaptive control
methods employed in [19], [20] demonstrategood
control performance even when the system is uncertain
and affected by external disturbances.

The adaptive and robust controllers that have been
studied address the issues of model uncertainties and
external disturbances affecting the system during
operation. However, these controllers require the design
of observers or estimation tools such as neural networks
and fuzzy logic. Consequently, the controllersbecome
complex and demand significant computational
resources during implementation. This poses challenges
to their practical deployment.

This paper proposes a novel model-free robust adaptive
controller that does not require the design of observers
for disturbance estimation or additional tools for
estimating uncertain parameters. This simplification
leads to a more straightforward controller design,
reduced computational resource requirements, and
enhanced potential for practical implementation.

2. Mathematical Model

Figure 1 illustrates the 3DTC’s dynamics, whichare
modeled using three distinct point masses: the
payload mass (m), the trolley mass (M), and the
equivalent rotational inertia of the crane structure (Jo).
The external inputs applied to the system are denoted
by the force vector F = [ty, f,, f1,0,0]7, where t,denotes
the torque acting on the rotating base, f: is

the force exerted on the trolley, and f; corresponds
to the tensile force along the hoisting cable. Its state,

expressed as q = [y, x, [, ¢, 917, in which y is the angular
position of the turntable, x represents the trolley’s
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Fig. 1. Model of a three-dimensional tower crane.

horizontal displacement, / denotes the cable length, and
@ , 9 refer to the payload’s swing angles in two orthogonal
planes. Damping coefficients b, , by, b, by , bsare
introduced to account for frictional forces alongeach
particular direction of motion. The coordinates of the
payload are given by the position vector [x;, y;, z]”. The
mathematical model of the system is derived using
Lagrange’s equations and is detailed in [21]. The system
dynamics are represented in the following matrix form:

M(q)d + C(q, )4 +G(q) +D=F (1)

Equation (1) comprises the following components: a
symmetric inertia matrix M(q); a matrix representing
centrifugal and damping effects C(q, q); a gravitational
term represented by the vector G(q) and a disturbance
vector D that introduces unknown perturbations into
the 3DTC system. The components of the matrices and
vectors in (1) can be found in [21].

Assumption 1 Given that the disturbance D is
continuous and bounded, we can find positive numbers

&1 satisfying: ||D|| < &

Remark 1 System’s parameters and state variables are
bounded, implying that the matrix M(q), C(q, q)q, and
vector G(q) are also bounded. Consequently, there exists
a positive constant €3 such that |IM~1(q)(C(q, )q +
G|l <es.

3. Model-free Robust Adaptive Controller

Tower crane systems exemplify underactuated
systems due to having more state variables requiring
regulation than control inputs. Specifically, the 3DTC
system has five state variables, denoted as q =[y,
x, [, @, 9], yet there are only three available control
inputs Fa = [t,, f,, f”. This disparity means that two of
the 3DTC’s desired outputs are not directly controllable,
which inherently poses a control challenge. To facilitate
control development, the state vector is partitioned into
two subsets: the actuated components q, = [y, x, /]7 and
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the unactuated components q, = [¢,8]”. Accordingly,
the dynamic model in (1) is reformulated following this
decomposition of the state vector as follows:

Maa(q)Qa + Mau (q)qu + Caa (q7 q)qa + Cau (q7 q)qu

+ Gua(q) + Dua = Fa (2)

Mua(q)Qa + Muu (q)qu + Cua (q7 q)qa + Cuu (q7 q)qu

+ Guu(q) + Duu =0 (3)

where My, € R33, My, € K32, Cypp € R¥3, Cy €
R332, Gyy € R, Dy, € R M, € RPG3 M, €
9'{szﬂcutl 6 i)'{2><37CMIA e 9{2X27Guu 6 %2X17 and Duu 6
R2*1. Consequently, Equation (3) is rewritten to
characterize the unactuated state q, as follows:

qu = M;ul (q)Mua (q)Qa - M;ul (q)Cua (qa q)qa
- M;ul (q) (Cuu (q7 (I)(Iu + Guu(q) + Duu)
)

The substitution of equation (4) into (2) leads to a
new expression of the actuation dynamics, which now
characterize the actuated state through ¢, = h;(q,q) as
shown below:

4o =M, ' (q)F,—M, ' (q)Cu(q,q)ds
~M, (q)(Cu(@,4)qu + Gulq) + D) (5)

M.(q) = Ma(q) — Muu(‘l)M;ul (@)Mua(q);
M, (a)Cua(q, 4);
) q)Mu_ul (@)Cuu(q,9);
Gu(q) = Gua(q) —Mau (Q)M;ul (0)Guu(q)-
Da = Daa - Mau(q)M;ul (q)DW‘

Let us define new variables as follows: z; = q,, 22 = qu,
23 = qq, z4 = {,, with these substitutions, the original
dynamic model of the 3DTC system is re-expressed as:

Z1= 2z
f2(21,22,23,24)
Z3= z4

Zy =

(6)

24 = M;l(zl,Z3)Fa +1£4(21,22,23,24).
Withfz(Z],ZQ,Z3,Z4):—M;ul(zl,Z3)(Mua(zl,2:3)24—|—
Cu(z1,22,23,24)24 + Culz1,22,23,24)20  +
Gu(z1,23) + D) fi(z1,20,23,24) =
—M;](Zl,Z3)(CG(Z17Z2,Z3,Z4)z4+Cu(Zl,Z27Z3,Z4)Z2
+Ga(Z1,Z3) +Da).

The objective of the control problem is to regulate the
angular position of the rotary table and the trolley’s
movement along the reference trajectory toward the
desired position, while simultaneously minimizing
the swing angle of the payload. The reference swing
angle of the payload is 21y = qu = [0,0]7; The

reference trajectory of the trolley is given by z3; =
Qad = [Y4,%4,14]T. The position and velocity trajectory
errors are defined as: e = z; — 214, €3 = 23 — 234 and
e = 2) — 24, €4 = Z4 — Z44. As a result, equation (6)
can be rewritten in the following form:

e = LM '(e,e3)3,0e2+hi(er,e,e3,e4)
&= L.M;'(e,e3) e3+ha(er,e,e3,e4)
é3= M, '(e;,e3) es+hz(er,e,e3,€4)

és= M, '(e;,e3) Fo+hu(er,ez,e3,€4).

(7

where I represents an identity matrix, with its size
defined according to the index indicated below.

hi(er,e2,€3,e4) =(Iyo — L3M, ' (e1,€3)I3x2) €23
ho(er,e2,e3,e4) =— D sM, ' (e1,e3) &3
+f(e1,ez,€3,€4)
hs(er,er,e3,e4) =(I3x3 — M, '(e1,€3))es
— 234+ 244
hy(ei,ey,e3,e4) =fi(e;,e2,e3,€4) ®)

Further transformations of variables are introduced as
follows:

& =

62.
_W’

€3

€. .
pl R

€4
) = = — 9
W & & &4 war O
W(z) denotes a time-varying coefficient satisfying the
initial condition W(0) = 1 at r = 0, equation (7) is
rewritten with the new variables variables &; (i = 1 +4)

as:

& = W12x3M;1(61,§3)13x2€2
+orhi(e) — 1376

&= WIz’x3M;' (e1,€3)&5 + prho(e)
256

&= WM, '(e1,e3)& + jzhs(e) (10)
—3%153

4= M, tees) Av(‘fi’eS)Fa + rha(e)
—47 &

where e = [e{,eg ,eg,eg] T The following outlines the
control approach developed for the 3DTC system:

F,= 7W4me1 — W3K,262 — W2K363 —Wkyey

(1)

where k; are positive definite coefficient matrices,

|:K'11 0 0:|T
defined as follows: k| = ; Ko =
K21 0 0 .
[O K»n 0]’
diag (K41, K42, K43). These coefficient matrices are chosen
to ensure that the resulting matrix A is a Hurwitz matrix.
This means that A satisfies the Lyapunov equation

0 K12 0
T

k3 = diag(ks1,k32,K33); K4 =
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ATP 4+ PA = —I,9y10, where P is a positive definite
symmetric matrix.

02,2 Inxo 023 0243
0252 022 Ipxz 0243

A= 12
0352 03x2 0353 I3xs (12)
—K|l —R2 —R3 —K4

A matrix representation of the differential equations in
(10) is obtained as follows:
: w
£:WNA£+h(e,W)—WQ€ 13)
T .

where & = [¢] &1, €7 €17
Q = diag(1,1,2,2,3,3,3,4,4,4); e = [e] el el el]T;

T
h(eW) = | b (¢), ohd (e), b (e), b (e)
Nit 022 05,3 05,3
N— 022 N2 05,3 05,3
03,0 030 M, !(ej,e3) 03,3
032 032 03,3 M, !(e1,e3)
with Nit = LM !(er,e3)Ihx0; Ny =

LM, ' (e1,€3)1352;
The time-varying parameter is updated according to the
following proposed law:

W=¢"¢ (14)

Theorem 1 Consider the system dynamics given in (1),
the model-free robust adaptive control input specified in
(11), and the adaptive update law for the time-varying
parameter defined in (14). Under this framework, both
the control error and the states of the closed-loop system
asymptotically converge to the origin.

Proof:

The Lyapunov function is chosen in the form:
V=¢"P¢ (15)

Differentiating the Lyapunov function (15) and

substituting equation (13) yields the following result:
V=€"P¢+¢"PE
=—WE'NE+2¢"P(e, W) — 2%5% (16)
where Q = PQQ.

Remark 2 Given that W = €7 &€ > 0 and the initial value
W(0) = 1, the function W(t) increases monotonically
over time, implying that W (t) > 1 for allt > 0. As a result
-W 0

W <
According to Remark 2, the evaluation of the component

—Z%ETQE yields the following:

W oo W, 2
_zwg QE<—2WMm(Q)H€|| <0 (17)

where Amin(Q) is the smallest eigenvalue of Q.

Remark 3 Based on Assumption 1, Remark 1 and
quation (8), there exist positive constants N\; such that:

L
()] < A _Zl lej| (j € Niza).
J:

Based on Remark 3 and equations (8), it is possible to
prove that:

h; Ay .
wE S W(|e1\+ lex|) with (k=1,2)
< Amax (|€1]+ &2 + Tox3|€3] +Tox3]€4])
(18)

=Amax[lx2, b2, Dby3, Dhys]l€]

h A
ann < Wf",,(hxﬂﬂ\+I3x2|ez|+---+|en|) (n=3,4)
< Amax (32| &1 + 13521 &2 | + |€3] + [€4])
(19)

=Amax[I3x2, Iix2, I3, Is]l€]

where Amax = max(Aj, Az, Az, As), then:

2¢"Ph(e,W) < 2/¢"||P||h(e,W)|

<
< 2Amax €| [P | [E€]
< 8Amax Amax (P) €] (20)

where Anax(P) denotes the largest eigenvalue of the
Ly Ly Dxs Ixs

Ly Lx2 Dxs Ixs

Iz Ixe Iixs Ius|

Lo i s Inxs
From (16), (17), and (20), the Lyapunov function’s

derivative is obtained as follows:

matrix P; E =

V< WETBE 21 hun(Q) €]
+ 8 Amax Amax (P2)||€]
< —(W Ninin — 8Amax Amax (P))[|€]2

W ) 2
— 20 A Q)€1 e

where Npjn = min(MJi}-).
W (t) is a positive definite parameter satisfying the

condition:

- BAmaxAman (P) +1

W(t) > (22)
( ) Nmin
Therefore
V<-£T¢<o0 (23)

From the analysis of (15) and (23), it is established that
& remains bounded and approaches zero as t — . This
implies that all signals of the closed-loop system are
bounded, and W (¢) is also bounded. Therefore, we have:

lim(£)=0 or lim(e)=0 (24)

) t—voo
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Fig. 2. The control structure of the 3DTC system

The convergence of the control error signals to zero
completes the justification of Theorem 1.

As shown in the closed-loop block diagram of
Figure 2, the control execution for the 3DTC system is
clearly illustrated through the use of a non-parametric
robust adaptive controller together with a time-varying
parameter estimator.

4. Simulation Results

This section presents the simulation of a 3DTC
system, which is regulated by the proposed model-free
robust adaptive controller (MFC). The parameters for
both the model and the controller are provided [1] as:
m=0.2kg, Jo = 6.8 kgem?, M, =3 kg, by = 0.4Nm/s,
by =0.5Nm/s, by = 0.3 Nm/s, by = 0.15 Nm/s, bg =
0.15Nm/s, g = 9.81 m/s?, h =48m; k| = I3x2, ko =
I3x2, k3 = diag(200, 400, 200), k4 = diag(10, 100,
20). The initial and final positions of the payload are
given as [, X0, lo] = [0,0,45] (rad,m,m) and [yy,xy,lf] =
[7/3,15,35] (rad,m,m), respectively. The payload is
transferred within a time duration of 7 = 200s. The path
planning for the payload’s movement is outlined below:

1 Tt
Ya=M+ E(Yf )1 —008(7)
t

t
xg = x0+ (%7 — x0) (3(f)3 —2(?)2) with £ < 200s

T
(lo—1y)
li= "0 D—1y+1,
Yo =Yy
Yd = )(Cf : with 200s < 7 < 400s
lo—1;
I = Tf(;fT)zﬂf
Ya =7Yr
and else { xy = x¢
L=l

Furthermore, comparisons are conducted with two
other methods. The controllers under consideration
include:

Controller 1 (C1): The sliding mode control
* Controller 2 (C2): The Adaptive output controller
design proposed in [1]

Controller 3 (C3): The proposed controller.
The C1’s proposed control law is defined by:

F,

- Ma (q) (2)\((]11 - (Iud) - Qad + AT)‘(qa - qad)

+6q, +Adq, — KSign(SO)>

+Ca(q,4)qa + Cu(q,9)qu + G(q) (25)

where sy is the sliding mode surface, which is
defined as: sp = (qu — Qua) + AN Ay — Qad) + 9qu.
The control coefficients are selected as follows:
K = 0.75diag(0.5,0.5,0.5); A = diag(2,1.5,1.5); § =
01 o o]
0 04 O
The C2’s structure is described as follows:

Ty = —Kp1 tanh(Ey) —ka tanh(s1 +kd1ey) +Dyy (26)

fx = —kpatanh(ey) — kgp tanh(s1 +kgpex) + DX (27)

fi =— A —kp3tanh(e;) — kg3 tanh(s3 + kg3e;)
— kytanh(e;) (1 — tanh? (e1)) tanh?(p))

— kg tanhz(el)tanh(pl) + Dyl (28)

where A represents the estimate of the gravity A =m,g,

which can be updated online by: A = kI; p is a composite
function defined as: p; = é; — A tanh(p1); ey = ¥ — Vs
ex =x—xg and ¢; = [ — l; are positioning errors; s,
sp and s3 are three auxiliary functions: s = —kgq(s1 +
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kaiey); $2 = —kaz(s2 + kanex); $3 = —kaz(s3 + kazep).
The positive control gains are chosen as follows: k,; =
500, kg1 =45, kpo = 250, kg = 32, kpz = 250, kg3 =
20, ks =0.05, 4, =0.5, k=0.1

For the simulation, there are two included scenarios:

* Scenario 1. The controller’s ability to withstand
disturbances is tested by applying harmonic external
disturbances to the system.

e Scenario 2. The performance of the controller under
parameter changes and stochastic disturbances such
as white noise demonstrates its robustness and
adaptability.

e Scenario 3. All system parameters undergo
significant variations, with values reflecting those
of a real-world tower crane system.

4.1. Scenario 1

Simulations are conducted in this section
with fixed system parameters, but the system
experiences external disturbances defined as follows:
D = [2sin(1007¢);2sin(1057¢ + 7/6);2sin(857m +
27 /3);2sin(857t + 7); 2sin(857 + 7/2)]”. The results
for Scenario 1 are presented in Figures 3 - 4.
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Fig. 3. Position tracking performances (scenario 1)
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4.2. Scenario 2
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In this case, the mass of the payload is increased to
three times its original value, and the system is subjected
to a stronger and qualitatively different external
disturbance compared to Scenario 1, specifically, white
noise, as depicted in Figure 5. The results obtained for
Scenario 2 are shown in Figure 6 - Figure 8.

Simulation results from scenario 1 and scenario 2
show that the results demonstrate that both the proposed
method and the comparative methods exhibit satisfactory
tracking performance, with control errors converging to
zero as the payload reaches the equilibrium position.
However, the trajectory errors illustrated in Fig. 3a
and Fig. 6a indicate that controllers C1 and C2 yield
larger errors; furthermore, C1 exhibits a significant
steady-state error in the [ state. The results in Fig.
3b and Fig. 6b also show that all three controllers
achieve effective oscillation suppression, with controller
C3 demonstrating a smaller swing angle compared to C1
and C2. As illustrated in Fig. 4 and Fig. 8, the control
forces acting on the payload along the axes converge
at the equilibrium position. Nevertheless, controller
C1 requires a significantly larger control input than
controllers C2 and C3.

4.3. Scenario 3

In contrast to the laboratory-scale system in [1],
the parameters of a practical tower crane involve

much larger values, such as m = 500 kg, M, =
1140.75 kg, by =40 N-m/s, b, =50 N-m/s, b; =
30 N'-m/s, by = 15 N-m/s, bg = 15 N-m/s. The

results obtained for Scenario 3 are shown in Figure 9
- Figure 10.

500
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Fig. 10. Force applied to the trolley (scenario 3).

As illustrated in Fig. 9 , the proposed controller (C3)
exhibits superior robustness compared to C1 and C2.
While the comparative methods fail to manage the heavy
payload, resulting in system instability with cable length
errors (e;) diverging to 10* m, C3 maintains precise

tracking and stability. Specifically, C3 achieves a settling
time of 150s and limits swing angles to a negligible
0.0lrad despite extreme parameter variations. This
confirms that the proposed method is highly resilient,
with its performance being minimally affected by
fluctuating system parameters. Overall, the simulation
results validate that the proposed control scheme ensures
high tracking accuracy, superior disturbance rejection,
and strong robustness against model uncertainties
compared to conventional approaches.

4.4. Discussion

Table 1. Settling Time (s)

Scenario | State C1 C2 C3
¥ (rad) 5.15 4.85 3.15
1 x (m) ) 120.57 091
[ (m) | 401.25 | 400.52 0.27
¥ (rad) 6 7.15 4.85
2 x (m) ) ) 0.90
[ (m) ) ) 405.27
Y (rad) 3.5 oo 200.75
3 x (m) 230.5 130.5 2.5
[ (m) N/A N/A 57.32

Table 2. Quantitative Performance Comparison under
Various Scenarios

Metric Scenario C1 Cc2 C3
1 0.008 0.005 0.001
Rl[\fn?E 2 85 0.025 0.002
3 Div. (10%) Div. (2 x 10%) 2.50
Ma?r[?;]/mg 3 N/A (Failed) N/A (Failed) 0.01
Overshoot (x) | All Moderate High Negligible
Control Effort | All Severe Chattering | Moderate Noise | Smooth
Stability 3 Unstable Unstable Stable

The quantitative data in Tables 1 and 2 highlight
the superior performance of the proposed C3 controller
across all evaluated scenarios. While Cl1 and C2
suffer from system instability or divergence in extreme
conditions, particularly in Scenario 3, where cable length
errors reach magnitudes of 10* m, C3 consistently
ensures rapid convergence and high tracking precision.
Furthermore, C3 demonstrates exceptional robustness by
maintaining a negligible swing angle of 0.01 rad and a
smooth control signal, effectively eliminating the severe
chattering and high energy consumption observed in
conventional approaches.

5. Conclusion

In consideration of system uncertainties and external
disturbances, this research develops a non-parametric
control method to effectively manage the payload
trajectory tracking and mitigate its swing angles
within a three-dimensional tower crane. We formulate
a non-parametric robust adaptive controller that
employs a time-varying parameter, thereby minimizing
computational burden in hardware implementation and
enhancing its practical applicability. Mathematical
analysis rigorously substantiates the stability of the
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closed-loop system, while simulations demonstrate the
efficiency and robustness of the proposed controller.
The results demonstrate the effectiveness and robustness
of the proposed control strategy, even under significant
system uncertainties and external disturbances.
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